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Abstract. In this pap er w e initiate the study of measuremen ts on the

probabilistic p o w erdomain. W e sho w ho w measuremen ts on an underly-

ing domain naturally extend to its probabilistic p o w erdomain, so that

the k ernel of the extension consists of exactly those normalized measures

on the k ernel of the measuremen t on the underlying domain. This result

is com bined with no w-standard results from the theory of measuremen ts

to obtain a new pro of that the �xed p oin t asso ciated with a w eakly h y-

p erb olic IFS with probabilities is the unique in v arian t measure whose

supp ort is the attractor of the underlying IFS.

1 In tro duction

A relativ ely recen t disco v ery [14] in domain theory is that most domains come

equipp ed with a natural measuremen t: a Scott con tin uous map in to the non-

negativ e reals whic h enco des the Scott top ology . The existence of measuremen ts

w as exploited b y Martin [13{16] to study the space of maximal elemen ts of a

domain, and to form ulate v arious �xed p oin t theorems for domains, including

�xed p oin t theorems for non-monotonic maps.

The theory of measuremen ts meshes particularly fruitfully with the idea of

domains as mo dels of classical spaces. Here w e sa y that a domain D is a mo del

of a top ological space X if the set of maximal elemen ts of D equipp ed with

the relativ e Scott top ology is homeomorphic to X . Under quite mild conditions

on D , the set of normalized Borel measures on X , equipp ed with the w eak

top ology , can b e em b edded in to the set of maximal elemen ts of the probabilistic

p o w erdomain P D . This construction w as utilized b y Edalat [3, 4] to pro vide new

results on the existence of attractors for iterated function systems, and to de�ne

a generalization of the Riemann in tegral to functions on metric spaces.

In this pap er w e sho w that eac h measuremen t m : D ! [0 ; 1] satisfying a suit-

able condition has a natural extension to a measuremen t M : P D ! [0 ; 1] . More-

o v er w e sho w that the k ernel of M , equipp ed with the relativ e Scott top ology ,

is homeomorphic to the space of Borel measures on the k ernel of m equipp ed
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with the w eak top ology . These results can b e used to deriv e facts ab out do-

mains in general whic h are indep endent of measuremen t: for example, if D is

an ! -con tin uous mo del of a regular space X , then the set of normalized Borel

measures on X , equipp ed with the w eak top ology , can b e em b edded in to the

set of maximal elemen ts of P D . They can also b e used to deriv e results whic h

are indep endent of domain theory altogether, suc h as a new pro of that the �xed

p oin t asso ciated with a w eakly h yp erb olic iterated function system with proba-

bilities is the unique measure whose supp ort is the attractor of the underlying

iterated function system.

2 Bac kground

2.1 Domain Theory

A p oset ( P ; v ) is a set P endo w ed with a partial order v . The least elemen t of

P (if it exists) is denoted ? , and the set of maximal elemen ts of P is written

max P . Giv en A � P , w e write " A for the set f x 2 P j ( 9 a 2 A ) a v x g ;

similarly , # A denotes f x 2 P j ( 9 a 2 A ) x v a g . A function f : P ! Q b et w een

p osets P and Q is monotone if x v y implies f ( x ) v f ( y ) for all x; y 2 P . A

subset A � P is dir e cte d if eac h �nite subset F � A has an upp er b ound in A .

Note that since F = ; is a p ossibilit y , a directed subset m ust b e non-empt y . A

(dir e cte d) c omplete p artial or der (dcp o) is a p oset P in whic h eac h directed set

A � P has a least upp er b ound, denoted t A .

If D is a dcp o, and x; y 2 D , then w e write x � y if for eac h directed

subset A � D , if y v t A , then " x \ A 6= ; . W e then sa y x is way-b elow y . Let

#

# y = f x 2 D j x � y g ; w e sa y that D is c ontinuous if it has a b asis , i.e., a

subset B � D suc h that for eac h y 2 D ,

#

# y \ B is directed with suprem um y . If

D has a coun table basis then w e sa y D is ! -c ontinuous . The w a y-b elo w relation

on a con tin uous dcp o has the interp olation pr op erty : if x � y then there exists

a basis elemen t z suc h that x � z � y .

A subset U of a dcp o D is Sc ott-op en if it is an upp er set (i.e., U = " U ) and

for eac h directed set A � D , if t A 2 U then A \ U 6= ; . The collection � D of

all Scott-op en subsets of D is called the Sc ott top olo gy on D . If D is con tin uous,

then the Scott top ology on D is lo cally compact, and the sets

"

" x where x 2 D

form a basis for the top ology . If S � D , w e write Cl( S ) for the closure of S with

resp ect to the Scott top ology . Giv en dcp os D and E , a function f : D ! E is

con tin uous with resp ect the Scott top ologies on D and E i� it is monotone and

preserv es directed suprema: for eac h directed A � D , f ( t A ) = t f ( A ).

A domain is a con tin uous dcp o.

2.2 V aluations and the Probabilistic P o w erdomain

W e brie
y recall some basic de�nitions and results ab out v aluations and the

probabilistic p o w erdomain.

De�nition 1. L et X b e a top olo gic al sp ac e. A con tin uous v aluation on X is a

mapping � : ( 
 X ; � ) ! ([0 ; 1] ; 6 ) satisfying:



1. Strictness: � ( ; ) = 0 .

2. Monotonicity: U � V ) � ( U ) 6 � ( V ) .

3. Mo dularity: for al l U; V 2 
 X , � ( U [ V ) + � ( U \ V ) = � ( U ) + � ( V ) .

4. Continuity: for every dir e cte d family f U

i

g

i 2 I

, � (

S

i 2 I

U

i

) = sup

i 2 I

� ( U

i

) .

Eac h elemen t x 2 X giv es rise to a v aluation de�ned b y

�

x

( U ) =

(

1 if x 2 U;

0 otherwise :

A simple valuation has the form

P

a 2 A

r

a

�

a

where A is a �nite subset of X ,

r

a

> 0, and

P

a 2 A

r

a

6 1. A v aluation � is normalize d if � ( X ) = 1.

F or the most part w e will consider con tin uous v aluations de�ned on the Scott

top ology � D of a dcp o D . The set of all suc h v aluations, ordered b y � v � if

and only if � ( U ) 6 � ( U ) for all U 2 � D , forms a dcp o P D : the probabilistic

p o w erdomain of D . Our main reference for the probabilistic p o w erdomain is the

thesis of Jones [10] from whic h the follo wing result is tak en.

Theorem 1 (Jones [10]). If D is a c ontinuous domain then P D is c ontinuous

with a b asis B = f �

n

i =1

r

i

�

p

i

j p

i

2 B g ; wher e B � D is a b asis for D .

Pr o of. (Sk etc h) De�ne a dissection of D to b e a disjoin t family of crescen ts

D = f C

i

g

i 2 I

, where C

i

=

"

" x

i

n U

i

for some x

i

2 B and U

i

2 � D . Giv en � 2 P D

and 0 < r < 1 de�ne

�

D ;r

=

X

i 2 I

r � ( C

i

) �

x

i

:

The substan tial part of the pro of, whic h is elided here, is to sho w that the set

of �

D ;r

for all D and r is directed with join � . ut

Next w e recall a c haracterization of con v ergence in the Scott top ology on

P D .

Theorem 2 (Edalat [5]). Supp ose D is a c ontinuous dcp o, then a net h �

i

i

i 2 I

in P D c onver ges to � in the Sc ott top olo gy i�

lim inf

i 2 I

�

i

( U ) > � ( U )

for al l Sc ott op en subsets U � D .

Ob viously , v aluations b ear a close resem blance to measures. La wson [12]

sho w ed that an y v aluation on an ! -con tin uous dcp o D extends uniquely to a

measure on the Borel � -algebra generated b y the Scott top ology (equiv alen tly

b y the La wson top ology) on D . This result w as generalized to con tin uous dcp os

b y Alv arez-Manilla, Edalat and Saheb-Djahromi [2]. Both these results dep end

hea vily on the axiom of c hoice. In this pap er, w e a v oid using either theorem. W e

do use the elemen tary result that eac h v aluation on a dcp o D extends uniquely

to a �nitely additiv e set function on the �eld F D generated b y � D . Eac h mem-

b er R of this �eld can b e written as a �nite, disjoin t union of crescen ts, i.e.,



R =

S

n

i =1

U

i

n V

i

for U

i

; V

i

2 � D . The extension of a v aluation � to F D assigns

to R the v alue

n

X

i =1

( � ( U

i

) � � ( U

i

\ V

i

)) :

Also w e recall from Hec kmann [8, Section 3.2] that if E 2 F D and � 2 P D then

w e ma y de�ne � j

E

2 P D b y � j

E

( O ) = � ( O \ E ) for all O 2 � D .

In Section 6 w e use the w ell-kno wn fact that an y con tin uous v aluation on a

metric space has a unique extension to a measure (cf. [1, Corollary 3.24]). But

this is only used to mediate b et w een the form ulation of the main result of that

section and the results of Hutc hinson [9] whic h are stated for measures.

3 Measuremen t

Let � : D ! E b e a Scott con tin uous map b et w een domains D and E .

De�nition 2. The " -appro ximations of x 2 D ar e

�

"

( x ) := f y 2 D : y v x & " � �y g ;

and we say that � measures x 2 D if for al l op en U � D , we have

x 2 U ) ( 9 " ) x 2 �

"

( x ) � U:

The map � measures X � D if it me asur es e ach x 2 X :

One of the crucial insigh ts of [13] is that measuring \information con ten t"

amoun ts to measuring partialit y , and that the de�nition ab o v e seems to pro vide

a minimal mathematical accoun t of what it means to measure the partialit y of

the ob jects in X . That is, if � measures X , then w e can sa y that �x is the

amoun t of partialit y in x 2 X (and then b y con tin uit y of � , w e can think of it

as measuring partialit y of nearb y appro ximations of x ); otherwise, it is just a

mapping on a domain.

Gran ted this, a second and distinct question arises, \What elemen ts should

w e exp ect � to measure the con ten t of ?" Again, minimally , if � is a measure of

partialit y , it should at least measure the ob jects in

k er � := f x 2 D : �x 2 max E g :

Wh y? Because from the viewp oin t of � , eac h x 2 k er � has no partialit y , i.e., is

total or ide al. In a certain sense, then, these are the ob jects that � should ha v e

the least di�cult y measuring.

De�nition 3. A measuremen t is a c ontinuous map � : D ! E which me asur es

k er �:



In accord with in tuition, one then pro v es that k er � � max D for a measure-

men t � . The prop ert y of \measuring a set" is also expressed b y sa ying that �

induc es the Sc ott top olo gy ne ar k er � .

In the t ypical case that E is the dcp o [0 ; 1 )

�

of non-negativ e reals in their

opp osite order, � is a measuremen t i� for an y Scott op en U and an y ideal elemen t

x 2 k er � ,

x 2 U ) ( 9 " > 0) f y 2 D : y v x and j �x � �y j < " g � U: (1)

In w ords, what it means for � to me asur e x is that an y observ ation U ab out x

is also an observ ation ab out y , where y is close to x , and fundamen tally , \close"

is sp eci�ed sim ultaneously b y the order and the map � .

Example 1. The follo wing examples of measuremen ts are all p ertinen t to this

pap er. The �rst t w o illustrate the idea that natural mo dels of metric spaces

yield canonical measuremen ts in to [0 ; 1 )

�

.

(i) If h X ; d i is a lo cally compact metric space, then its upp er sp ac e

U X = f; 6= K � X : K is compact g

ordered b y rev erse inclusion is a con tin uous dcp o. The suprem um of a di-

rected set S � U X is

T

S , and the w a y-b elo w relation is giv en b y A � B

i� B � in t A . Giv en K 2 U X , de�ning the diameter of K b y

j K j = sup f d ( x; y ) : x; y 2 K g ;

it is readily v eri�ed that K 7! j K j is a measuremen t on U X whose k ernel is

max U X = ff x g : x 2 X g .

(ii) Giv en a metric space h X ; d i , the formal b al l mo del [6] B X = X � [0 ; 1 ) is

a p oset ordered b y

( x; r ) v ( y ; s ) i� d ( x; y ) 6 r � s:

The w a y-b elo w relation is c haracterized b y

( x; r ) � ( y ; s ) i� d ( x; y ) < r � s:

The p oset B X is a con tin uous dcp o i� the metric d is complete. Moreo v er

B X has a coun table basis i� X is separable. A natural measuremen t � on

B X is giv en b y � ( x; r ) = r . Then k er � = max B X = f ( x; 0) : x 2 X g .

(iii) Let X = f x

n

g

n 2 N

b e a coun tably in�nite set, and ( P X ; � ) the lattice of

subsets of X ordered b y inclusion. Observ e that S � T in P X i� S is a

�nite subset of T . W e can de�ne a measuremen t j � j : P X ! [0 ; 1 )

�

b y

j S j = 1 �

X

x

n

2 S

s

� ( n +1)

:

In the case of �nite X , set j S j = card ( X n S ) :



One of the motiv ations b ehind the in tro duction of measuremen t in [14] w as

to facilitate the form ulation of sharp er �xed p oin t theorems. The follo wing is a

basic example of one suc h result.

Theorem 3. L et f : D ! D b e a monotone map on a p ointe d c ontinuous dcp o

D e quipp e d with a me asur ement � : D ! E . If

F

�f

n

( ? ) 2 max E , then

x

?

=

G

n > 0

f

n

( ? ) 2 k er �

is the unique �xe d p oint of f . Mor e over, x

?

is an attr actor: F or al l x , f

n

( x ) ! x

?

in the Sc ott top olo gy on D . This c onver genc e r estricts to k er � if f c arries k er �

into k er � .

Martin [16] giv es a necessary and su�cien t condition for a measuremen t

� : D ! [0 ; 1 )

�

to extend to a measuremen t �� : C D ! [0 ; 1 )

�

on the con v ex

p o w erdomain C D thereb y unco v ering the class of L eb esgue me asur ements.

De�nition 4. A c ontinuous map � : D ! E is a Leb esgue measuremen t if

K � U ) ( 9 " )( 8 x 2 K ) x 2 �

"

( x ) � U;

for al l c omp act K � k er � and al l op en U � D .

Kno wing that Leb esgue measuremen ts extend to the con v ex p o w erdomain

enables one to pro v e that an y ! -con tin uous dcp o D with max D regular satis�es

the prop ert y that the Vietoris h yp erspace of max D em b eds in to max C D (as

the k ernel of a measuremen t). F urther, Edalat's domain theoretic analysis of

h yp erb olic iterated function systems is then sho wn to b e a consequence of stan-

dard results from measuremen t. In the same setting, the ne c essity of complete

metrizabilit y b ecomes apparen t.

Theorem 4 (Martin [13]). A sp ac e is c ompletely metrizable i� it is the kernel

of a L eb esgue me asur ement � : D ! [0 ; 1 )

�

on a c ontinuous dcp o.

Here w e seek analogous results with the probabilistic p o w erdomain in place

of the con v ex p o w erdomain, and the w eak top ology on Borel measures in place

of the Vietoris top ology on compact sets. W e no w iden tify a condition whic h

ensures that a measuremen t on D extends to a measuremen t on the probabilistic

p o w erdomain P D . First, extend the de�nition of �

"

to arbitrary sets S b y setting

�

"

( S ) =

[

s 2 S

�

"

( s ) :

F or example, � is Leb esgue just when there is an " suc h that K � �

"

( K ) � U:

De�nition 5. A c ontinuous � : D ! E is a regular measuremen t if

x 2 U ) ( 9 " )( 9 b � x )

"

" b \ k er � � �

"

(

"

" b \ k er � ) � U;

for every x 2 k er � and every op en U � D .



Th us, with a regular measuremen t, the c hoice of " not only applies at x , the w a y

it do es for a measuremen t, it also applies on an op en set ar ound x .

Prop osition 1. Every r e gular me asur ement � : D ! [0 ; 1 )

�

is L eb esgue. The

c onverse holds when k er � is lo c al ly c omp act.

Pr o of. W e pro v e the �rst of these, after whic h the second is routine. If K � k er �

is compact with K � U op en, then for eac h x 2 K , w e use the regularit y of �

to obtain b

x

� x and "

x

> 0 suc h that

"

" b

x

\ k er � � �

"

x

(

"

" b

x

\ k er � ) � U:

Restricting f

"

" b

x

: x 2 K g to a �nite sub co v er f

"

" b

i

g , lea v es a �nite n um b er of

"

i

> 0, whic h assures us that " := min( "

i

= 2) > 0. W e ha v e K � �

"

( K ) � U: ut

Note that all the measuremen ts in Example 1 are regular. In Example 2, w e

will see a measuremen t whic h is not regular. Un til then, here is a c haracterization

of the coun tably based domains whic h admit regular measuremen ts.

Theorem 5. L et D b e an ! -c ontinuous dcp o. Ther e is a r e gular me asur ement

� : D ! [0 ; 1 )

�

with k er � = max D i� the sp ac e max D in its r elative Sc ott

top olo gy is r e gular.

Pr o of. If � is regular, then k er � is Leb esgue b y the last result, so completely

metrizable and hence regular b y Theorem 4.

Con v ersely , let D b e an ! -con tin uous dcp o with max D regular and a coun t-

able basis B . F rom [16], w e kno w that � : D ! ( P I ; � ) de�ned b y

� ( x ) = f ( a; b ) j x 2

"

" a _ x 62 Cl(

"

" b ) g ; (2)

where I = f ( a; b ) 2 B � B j Cl(

"

" b ) \ max D �

"

" a g , is a Leb esgue measuremen t.

Unsurprisingly it is also regular: Giv en a; b 2 B w e ha v e that Cl(

"

" b ) \ k er � �

"

" a

implies that there exists " := f ( a; b ) g suc h that

"

" b \ k er � � �

"

(

"

" b \ k er � ) �

"

" a .

As usual, comp osing this measuremen t with the map in Example 1(iii) yields

a regular measuremen t in to [0 ; 1 )

�

with k ernel max D . ut

As men tioned earlier, w e normally w ork with measuremen ts as mappings

� : D ! [0 ; 1 )

�

. Unfortunately the c hoice of � ob viously con
icts with the

usual notation for v aluations, and since most of our w ork here is concerned with

v aluations, w e opt to use the letter m for measuremen ts.

In addition, it is also more con v enien t to consider measuremen ts in to the unit

in terv al [0 ; 1] in its usual order for reasons that will b ecome clear shortly . Th us,

giv en a measuremen t � : D ! [0 ; 1 )

�

, w e simply transform it to a measuremen t

m : D ! [0 ; 1] b y m = 1 = 2

�

. Notice that the c haracterization of measuremen t

giv en in (1) remains v alid when E = [0 ; 1] :

Our main result, Theorem 7, sa ys that a regular measuremen t m : D ! [0 ; 1]

extends in a natural w a y to a measuremen t M : P D ! [0 ; 1] on the probabilistic

p o w erdomain of D . F urthermore it holds that k er M is homeomorphic to the

set of normalized measures on k er m in the w eak top ology . Com bining this with

Theorem 5 w e obtain Corollary 1. This result w as �rst pro v ed, in a di�eren t w a y ,

in Martin [16, Theorem 11.8].



Corollary 1. If D is an ! -c ontinuous dcp o with max D r e gular, then the sp ac e

of normalize d me asur es on max D in the we ak top olo gy emb e ds as a subsp ac e of

max P D .

4 Comparing V aluations

One of the most elegan t results ab out the probabilistic p o w erdomain is the Split-

ting Lemma. This b ears a close relationship to a classic problem in probabilit y

theory: �nd a join t distribution with giv en marginals.

Lemma 1 (Jones [10]). L et � =

P

a 2 A

r

a

�

a

and � =

P

b 2 B

s

b

�

b

b e simple

valuations. Then � � � if and only if ther e exists a family of tr ansp ort (or 
ow)

numb ers f t

a;b

j a 2 A; b 2 B g � [0 ; 1] satisfying

1. F or e ach a 2 A ,

P

b 2 B

t

a;b

= r

a

,

2. F or e ach b 2 B ,

P

a 2 A

t

a;b

< s

b

, and

3. t

a;b

6= 0 implies a � b .

In the remainder of this section w e giv e a c haracterization of when a simple

v aluation lies w a y-b elo w an arbitrary con tin uous v aluation.

Prop osition 2 (Kirc h [11]). If � is a c ontinuous valuation on D , then � =

P

a 2 A

r

a

�

a

� � if and only if 8 S � A ,

P

a 2 S

r

a

< � (

"

" S ) :

De�nition 6. Fix a �nite subset A � D , and for e ach S � A de�ne

L A; S M =

\

a 2 S

"

" a n

[

a

0

2 A n S

"

" a

0

:

Observ e that f L A; S M g

S � A

is a family of crescen ts partitioning D .

Prop osition 3. L et � b e a c ontinuous valuation on D ,

P

a 2 A

r

a

�

a

a simple

valuation on D , and f E

i

g

i 2 I

� F D a �nite p artition of D r e�ning f L A; S M g

S � A

.

Then

P

a 2 A

r

a

�

a

� � i� ther e exists a r elation R � A � I such that

(i) ( a; i ) 2 R implies E

i

�

"

" a .

(ii) F or al l S � A ,

P

a 2 S

r

a

<

P

i 2 R ( S )

� ( E

i

) .

Pr o of. ( ) ) Supp ose

P

a 2 A

r

a

�

a

� � . De�ne R b y R ( a; i ) just in case E

i

�

"

" a .

Then, giv en S � A , b y Prop osition 2,

X

a 2 S

r

a

< � (

"

" S ) =

X

i 2 R ( S )

� ( E

i

) :

( ( ) Giv en a relation R satisfying conditions (i) and (ii) ab o v e, then for all

S � A w e ha v e

X

a 2 S

r

a

<

X

i 2 R ( S )

� ( E

i

) 6 � (

"

" S ) :

Th us

P

a 2 A

r

a

�

a

� � b y Prop osition 2. ut



Next w e giv e an alternate c haracterization of the w a y-b elo w relation on P D .

This is a sligh t generalization of the Splitting Lemma, and should b e seen as

dual to Prop osition 3.

Prop osition 4. Supp ose

P

a 2 A

r

a

�

a

and � ar e c ontinuous valuations on D and

f E

i

g

i 2 I

� F D is a p artition of D r e�ning f L A; S M g

S � A

. Then

P

a 2 A

r

a

�

a

� �

i� ther e exists a family of `tr ansp ort numb ers' f t

a;i

g

a 2 A;i 2 I

wher e

1. F or e ach a 2 A ,

P

i 2 I

t

a;i

= r

a

2. F or e ach i 2 I ,

P

a 2 A

t

a;i

< � ( E

i

)

3. t

a;i

> 0 implies E

i

�

"

" a .

Pr o of. ( ( ) Giv en the existence of a family of transp ort n um b ers f t

a;i

g , de�ne

R � A � I b y R ( a; i ) i� t

a;i

> 0. Then R satis�es (i) and (ii) in Prop osition 3.

( ) ) By Prop osition 3 there exists a relation R � A � I satisfying conditions

(i) and (ii) thereof. The pro of that suc h a relation yields transp ort n um b ers as

required uses the max-
o w min-cut theorem from graph theory . The basic idea

is due to Jones [10], but w e refer the reader to the form ulation of Hec kmann [8,

Lemma 2.7] whic h is general enough to apply to the presen t setting. ut

F or our main results, w e can equally-w ell use Prop osition 3 or (the dual

form) Prop osition 4 to c haracterize the w a y-b elo w relation. Next w e de�ne an

op eration ? for comp osing splittings with a common index set b y `pro jecting out

that index.' Supp ose s = f s

i;j

g

i 2 I ;j 2 J

and t = f t

j;k

g

j 2 J ;k 2 K

are families of non-

negativ e real n um b ers where I ; J and K are �nite. Assuming that

P

k 2 K

t

j;k

> 0

for eac h j 2 J w e de�ne t ? s to b e an I � K -indexed family where

( t ? s )

i;k

=

X

j 2 J

s

i;j

�

t

j;k

P

k

0

2 K

t

j;k

0

�

:

Prop osition 5. L et s and t b e as ab ove. Then for e ach i 2 I ,

X

k 2 K

( t ? s )

i;k

=

X

j 2 J

s

i;j

: (3)

F urthermor e, if

P

i 2 I

s

i;j

<

P

k 2 K

t

j;k

for e ach j 2 J , it fol lows that

X

i 2 I

( t ? s )

i;k

<

X

j 2 J

t

j;k

(4)

for e ach k 2 K .

Pr o of. Simple algebra. ut

5 Measuring the Probabilistic P o w erdomain

De�nition 7. If m : D ! [0 ; 1] is a me asur ement on a c ontinuous dcp o D , then

we de�ne M : P D ! [0 ; 1] by M ( � ) =

R

md� , wher e the inte gr al is that de�ne d

by Jones [10].



The Scott con tin uit y of M follo ws directly from the con tin uit y of the in tegral.

In particular, w e ha v e that

M ( � ) = sup f

X

a 2 A

r

a

m ( a ) j

X

a 2 A

r

a

�

a

� � g :

W e are no w in a p osition to motiv ate regularit y of measuremen ts. Consider

the follo wing example where M , as de�ned ab o v e, fails to b e a measuremen t.

Example 2. Let P b e the dcp o obtained b y adding a top elemen t 1 to the

naturals in their usual order. Let P

0

= f n

0

j n

0

2 N g [ f1

0

g b e a disjoin t cop y

of P . Finally write D for the dcp o consisting of the disjoin t union of P and P

0

together with a cop y of the naturals in the discrete order f n

00

j n 2 N g , with

n; n

0

v n

00

for all n 2 N . (See the diagram b elo w.)

De�ne a measuremen t m : D ! [0 ; 1] b y m ( 1 ) = m ( 1

0

) = m ( n

00

) = 0

for all n 2 N , and m ( n ) = m ( n

0

) = 2

� n

for all n 2 N . No w the v alua-

tion � =

P

n

00

2 N

2

� ( n +1)

�

n

00

is in k er M , and �

0

� � . F urthermore, de�ning

�

N

=

P

n

00

6 N

2

� ( n +1)

�

n

00

+

P

n>N

2

� ( n +1)

�

n

0

w e ha v e that �

N

v � but not

�

0

� �

N

. Ho w ev er b y c ho osing N large enough w e can mak e M ( �

N

) arbitrarily

close to 1. Th us M is not a measuremen t on P D , cf. De�nition 3.

1

.

.

.

1

0

.

.

.

�

.

.

.

�

�����
� �

>>>>>

�

{{{{
� �

DDDDD

�

{{{{
�

DDDDD

(5)

Assume m : D ! [0 ; 1] is a measuremen t, and M the extension to the p o w-

erdomain as in De�nition 7. The next few prop ositions describ e the k ernel of

M . It is w orth remarking that in pro ving Prop osition 6 w e do not assume that

v aluations on con tin uous dcp os extend to measures.

Prop osition 6. L et � 2 k er M , i.e.,

R

md� = 1 . Then for a cr esc ent E = U n V ,

wher e U; V 2 � D , we have that � ( E ) > 0 implies E \ k er m 6= ; .

Pr o of. W e de�ne a decreasing sequence of crescen ts h E

n

j n 2 N i with � ( E

n

) > 0

for all n 2 N . First, E

0

= E . Next, assuming E

n

is de�ned, let � =

1

� ( E

n

)

� j

E

n

.

Since

� = � j

E

n

+ � j

E

c

n

;

the inequalit y M ( � j

E

c

n

) 6 � ( E

c

n

) forces M ( � j

E

n

) = � ( E

n

), whence M ( � ) = 1.

By the pro of of Theorem 1 there is a dissection D of E

n

and 0 < r < 1 suc h

that M ( �

D ;r

) > 1 � 1 =n . In particular, there exists x

n

2 E

n

, namely one of the



mass p oin ts of �

D ;r

, suc h that m ( x

n

) > 1 � 1 =n and � ( E

n

\

"

" x

n

) > 0. No w set

E

n +1

= E

n

\

"

" x

n

.

The prop osition no w follo ws since h x

n

j n 2 N i is an increasing sequence in

E , and so

F

x

n

2 E \ k er m . ut

Prop osition 7. L et � 2 k er M . If U

1

; U

2

2 � D with U

1

\ k er m = U

2

\ k er m ,

then � ( U

1

) = � ( U

2

) .

Pr o of. Since neither of the crescen ts U

1

n U

2

and U

2

n U

1

meets k er m it follo ws

that

� ( U

1

) = � ( U

1

\ U

2

) + � ( U

1

n U

2

)

= � ( U

1

\ U

2

) (b y Prop osition 6)

= � ( U

1

\ U

2

) + � ( U

2

n U

1

) (b y Prop osition 6)

= � ( U

2

) :

Theorem 6. The set of normalize d valuations on k er m is in bije ction with

k er M . F urthermor e, if c ontinuous valuations on k er m ar e in one-to-one c orr e-

sp ondenc e with Bor el me asur es on k er m , then the sp ac e of these me asur es in the

we ak top olo gy is home omorphic to k er M in the r elative Sc ott top olo gy.

Pr o of. Supp ose � is a v aluation on k er m with total mass 1. Then w e easily see

that �

�

: � D ! [0 ; 1] de�ned b y �

�

( O ) = � ( O \ k er m ) is a v aluation on � D . F or

all p ositiv e in tegers n , since

�

�

f x : m ( x ) > 1 � 1 =n g = � ( k er m ) = 1 ;

M ( �

�

) > 1 � 1 =n . Th us �

�

2 k er M .

Con v ersely , supp ose � 2 k er M . W e de�ne a v aluation �

�

on the op en sets of

k er m as follo ws. F or an op en set O � k er m w e de�ne �

�

( O ) = � ( O

y

) where O

y

is the greatest Scott op en subset of D suc h that O

y

\ k er m = O . No w for all

op en subsets O

1

; O

2

of k er m ,

�

�

( O

1

[ O

2

) + �

�

( O

1

\ O

2

) = � (( O

1

[ O

2

)

y

) + � (( O

1

\ O

2

)

y

)

= � ( O

y

1

[ O

y

2

) + � ( O

y

1

\ O

y

2

) (b y Prop osition 7)

= � ( O

y

1

) + � ( O

y

2

) (b y mo dularit y)

= �

�

( O

1

) + �

�

( O

2

) :

Th us �

�

is mo dular. By similar reasoning it also follo ws that �

�

is Scott con tin-

uous. One easily sees that the maps � 7! �

�

and � 7! �

�

are in v erse.

Supp ose that con tin uous v aluations on k er m are in one-to-one corresp on-

dence with Borel measures on k er m . Recall that a net h �

i

i

i 2 I

of normalized

Borel measures on a Hausdor� space X con v erges to � in the w eak top ology i�

lim inf

i 2 I

�

i

( O ) > � ( O ) for all op en O � X . Using Theorem 2 it is routine to

sho w that the bijection ab o v e is a homeomorphism. ut



Corollary 2. If m is a r e gular me asur ement and D is ! -c ontinuous, then the

sp ac e of normalize d Bor el me asur es on k er m in the we ak top olo gy is home omor-

phic to k er M in the r elative Sc ott top olo gy.

Pr o of. By Theorem 4, k er m is a separable metric space. In this case, as w e

remark ed earlier, con tin uous v aluations and Borel measures are in one-to-one

corresp ondence. ut

Henceforth w e assume that m is a regular measuremen t.

Prop osition 8. Given � 2 k er M , U � D Sc ott op en and " > 0 , ther e exists a

Sc ott op en set V � U and � > 0 such that � ( U n V ) < " and m

�

( V \ k er m ) � U .

Pr o of. Since m is regular w e can write U \ k er m as the directed union

[

f V \ k er m j V 2 � D ; ( 9 � < 1) m

�

( V \ k er m ) � U g :

The v aluation �

�

is con tin uous, th us there exists a Scott op en set V � U and

� > 0 suc h that �

�

(( U n V ) \ k er m ) < " and m

�

( V \ k er m ) � U . But � = ( �

�

)

�

satis�es � ( U n V ) < " . ut

W e are no w in a p osition to pro v e the main result of the pap er, namely that

M as giv en in De�nition 7 is a measuremen t on P D . Most of the w ork in the

pro of is con tained in the follo wing tec hnical lemma.

Lemma 2. L et � 2 k er M and � =

P

a 2 A

r

a

�

a

� � . Then ther e exists " > 0

such that whenever � =

P

b 2 B

s

b

�

b

v � and j M ( � ) � M ( � ) j < " , then � � � .

Pr o of. Applying Prop osition 4 with the partition f E

i

g

i 2 I

, where I = P A and

E

i

= L A; i M , w e obtain a splitting u = f u

a;i

g b et w een � and � . No w, giv en

� =

P

b 2 B

s

b

�

b

6 � , w e apply Prop osition 4 once again, with the partition

f F

j

g

j 2 J

, where J = P ( A [ B ) and F

j

= L A [ B ; j M , w e obtain a splitting v = f v

b;j

g

b et w een � and � . Notice that the partition f F

j

g re�nes f E

i

g . W e write j � i

whenev er j \ A = i , so E

i

=

S

j � i

F

j

. W e illustrate the splittings u and v in the

follo wing 
o w diagram.

r

a

1

u

a

1

;i

1 //

u

a

1

;i

2

""FF
FF

FF
FF

FF
FF

FF
F

FFF
FFF

F

""FF
FF

FF
F

'&%$

 !"#

�

�

.

.

.

�

s

b

1

mm[ [ [ [ [ [ [ [ [ [ [ [ [
v

b

1

;j

1

kkWWWWWWWWWWWWW

ssggggggggggggg

r

a

2

<<xxxxxxxxxxxxxxx

;;
;;

;;
;;

;

��;;
;;

;;
;;

;

//

'&%$

 !"#

�

�

.

.

.

�

s

b

2

mm[ [ [ [ [ [ [ [ [ [ [ [ [

kkWWWWWWWWWWWWW

ssggggggggggggg

.

.

.

.

.

.

.

.

.

r

a

n

AA�������������������
u

a

n

;i

2

n

//

'&%$

 !"#

�

�

.

.

.

�

s

b

m

mm[ [ [ [ [ [ [ [ [ [ [ [

kkWWWWWWWWWWWWW

v

b

m

;j

2

n + mssggggggggggggg

(6)



Our strategy is to obtain a splitting b et w een � and � , in the sense of Lemma 1,

b y com bining u and (a mo di�cation of ) v using Prop osition 5.

First w e c ho ose "

1

> 0 to b e a lo w er b ound on the unful�lled demand at eac h

of the circled groups of no des in the cen tre of the diagram ab o v e, i.e.,

"

1

= min

i 2 I

 

� ( E

i

) �

X

a 2 A

u

a;i

!

: (7)

By Prop osition 8, for eac h i 2 I there exists "

i

> 0 and a crescen t G

i

� E

i

suc h

that � ( E

i

n G

i

) < "

1

= 3 and m

"

1

( G

i

\ k er m ) � E

i

. W e no w set "

2

= min

i 2 I

"

i

and " = "

1

"

2

= 3. Notice that the v alue of " do es not dep end on � .

Next w e amalgamate the 
o ws on the righ t whic h go in to the same circled

group of no des. In fact w e also discard a 
o w n um b er v

b;j

if the measuremen t

of the source no de b is to o lo w or the target crescen t F

j

do es not meet an y G

i

.

F ormally w e let Ok

B

= f b 2 B : 1 � m ( b ) < "

2

g and Ok

i

= f j 2 J : j �

i ^ � ( G

i

\ F

j

) 6= 0 g . W e de�ne a B � I -indexed family of transp ort n um b ers

w

b;i

b y w

b;i

= 0 if b 62 Ok

B

, otherwise

w

b;i

=

X

j 2 Ok

i

v

b;j

:

W e claim that w ? u de�nes a splitting b et w een � and � in the sense of

Lemma 1. W e v erify condition (iii) of the lemma as follo ws.

( w ? u )

a;b

> 0 ) ( 9 i )( u

a;i

> 0 ^ w

b;i

> 0)

) ( 9 i )( 9 j )( u

a;i

> 0 ^ v

b;j

> 0 ^ b 2 Ok

B

^ j 2 Ok

i

)

) ( 9 i )( 9 j )( a 2 i ^ b 2 j ^ b 2 Ok

B

^ j 2 Ok

i

)

No w j 2 Ok

i

implies that � ( G

i

\ F

j

) 6= 0. Th us, b y Prop osition 6, there exists

z 2 G

i

\ F

j

\ k er m . Since b v z , w e ha v e b 2 m

"

2

( G

i

\ k er m ) �

"

" a , i.e., a � b .

W e wish to apply Prop osition 5 to complete the pro of that w ? u de�nes a

splitting b et w een � and � . T o do this w e need some estimates (giv en in (8) and

(9) b elo w) of the mass w e `threw a w a y' in going from v to w . Firstly , from

X

b 2 B

X

j 2 J

v

b;j

(1 � m ( b )) =

X

b 2 B

s

b

(1 � m ( b )) 6 1 � M ( � ) < "

it follo ws that

X

b 62 Ok

B

X

j 2 J

v

b;j

6

X

b 62 Ok

B

X

j 2 J

v

b;j

(1 � m ( b ))

"

2

<

"

"

2

=

"

1

3

: (8)

Also, from the de�nition of G

i

w e ha v e that for eac h �xed i 2 I ,

� (

[

j � i;j 62 Ok

i

F

j

) 6 � ( E

i

n G

i

) <

"

1

3

;



and so, since

P

b 2 B

v

b;j

6 � ( F

j

),

X

j � i;j 62 Ok

i

X

b 2 B

v

b;j

<

"

1

3

: (9)

Com bining (8), (9) and the de�nition of w

b;i

w e get that for eac h i 2 I

0

@

X

b 2 B

X

j � i

v

b;j

1

A

�

X

b 2 B

w

b;i

<

2 "

1

3

: (10)

No w the total mass of a v aluation is no bigger than its measuremen t, th us

X

j 2 J

 

� ( F

j

) �

X

b 2 B

v

b;j

!

6 1 � M ( � ) < " 6

�

1

3

: (11)

Eac h term in the summation o v er j 2 J is p ositiv e. Th us, for eac h i 2 I , taking

the partial sum in (11) o v er those j 2 J with j � i , w e get

� ( E

i

) �

X

j � i

X

b 2 B

v

b;j

<

"

1

3

:

Adding this inequalit y to (10) w e get

� ( E

i

) �

X

b 2 B

w

b;i

< "

1

:

F rom the de�nition of "

1

it follo ws that for eac h i 2 I ,

X

a 2 A

u

a;i

<

X

b 2 B

w

b;i

:

Th us w e ma y apply Prop osition 5 to deduce that

P

b 2 B

( w ? u )

a;b

=

P

i 2 I

u

a;i

=

r

a

and

P

a 2 A

( w ? u )

a;b

<

P

i 2 I

w

b;i

6 s

b

. ut

Ha ving pro v ed Lemma 2, the result that M is a measuremen t no w follo ws

from general domain theory .

Theorem 7. L et � 2 k er M and � � � . Then ther e exists " > 0 such that

whenever � v � and j M ( � ) � M ( � ) j < " , then � � � .

Pr o of. By the in terp olation prop ert y of � there exists a simple v aluation �

0

with � � �

0

� � . By Lemma 2 there exists " > 0 suc h that whenev er �

0

v � is

simple and M ( �

0

) > 1 � " , then �

0

� �

0

. But if � v � is an arbitrary v aluation

with M ( � ) > 1 � " , then there is a simple v aluation �

0

� � with M ( �

0

) > 1 � " .

Th us � � �

0

� �

0

� � . ut



6 Iterated F unction Systems

De�nition 8. A n iterated function system (IFS) on a c omplete metric sp ac e X

is a c ol le ction of c ontinuous maps f

i

: X ! X indexe d over a �nite set I . Such

an IFS is denote d h X ; f f

i

g

i 2 I

i . If e ach map f

i

is c ontr acting then the IFS is said

to b e h yp erb olic .

A h yp erb olic IFS induces a con traction F on the complete metric space

of non-empt y compact subsets of X equipp ed with the Hausdor� metric. F is

de�ned b y

F ( K ) =

[

i 2 I

f

i

( K ) :

By Banac h's con traction mapping theorem, F has a unique �xed p oin t: the

attr actor of the IFS. An alternate domain-theoretic pro of this result, due to

Ha y ashi [7], in v olv es considering F as a con tin uous selfmap of U X and deducing

that the least �xed p oin t of F is maximal in U X , and therefore is a unique �xed

p oin t. Man y di�eren t fractal sets arise as, or can b e appro ximated b y , attractors

of IFSs.

De�nition 9. A w eigh ted IFS h X ; f ( f

i

; p

i

) g

i 2 I

i c onsists of an IFS h X ; f f

i

g

i 2 I

i

and a family of weights 0 < p

i

< 1 , wher e

P

i 2 I

p

i

= 1 . These data induc e a

so-c al le d Markov op er ator G : M X ! M X on the set M X of normalize d Bor el

me asur es on X , given by

G ( � )( B ) =

X

i 2 I

p

i

� ( f

� 1

i

( B )) (12)

for e ach Bor el subset B � X .

The space M X equipp ed with the w eak top ology can b e metrized b y the

Hutchinson metric [9]. F urthermore, if a w eigh ted IFS is h yp erb olic then the

map G is con tracting with resp ect to the Hutc hinson metric. In this case the

unique �xed p oin t of G , obtained b y the con traction mapping theorem, de�nes

a normalized measure called an invariant me asur e for the IFS. The supp ort of

the in v arian t measure is the attractor of the underlying IFS. This construction

is an imp ortan t metho d of de�ning fractal measures. Next w e outline a domain-

theoretic construction, due to Edalat [3], of in v arian t measures for so-called

w eakly h yp erb olic IFSs on compact metric spaces.

Edalat's approac h in v olv es em b edding the set of measures on a compact

metric space X in the domain PU X of v aluations on the upp er space of X .

Recall from Section 3 that U X admits a natural measuremen t m : U X ! [0 ; 1] ,

where m ( K ) = 2

�j K j

; in turn this yields a measuremen t M on PU X . Next, a

w eigh ted IFS h X ; f ( f

i

; p

i

) g

i 2 I

i induces a con tin uous map T : PU X ! PU X {

the domain theoretic analogue of the Mark o v op erator { de�ned b y

T ( � )( O ) =

X

i 2 I

p

i

� (( U f

i

)

� 1

( O )) (13)



where U f

i

: U X ! U X is the map K 7! f

i

( K ).

Applying T to �

X

, the p oin t v aluation concen trated at X , one obtains T ( �

X

) =

P

i 2 I

p

i

�

f

i

( X )

. Iterating, it follo ws that

T

n

( �

X

) =

X

i

1

;::: ;i

n

2 I

p

i

1

: : : p

i

n

�

f

i

1

::: f

i

n

( X )

: (14)

Th us M ( T

n

( �

X

)), the measuremen t of the n -th iterate, equals

X

i

1

;:::;i

n

2 I

p

i

1

:::p

i

n

m ( f

i

1

: : : f

i

n

( X )) :

A su�cien t condition ensuring that M ( T

n

( �

X

)) ! 1 as n ! 1 is to require

that for all " > 0, there exists n > 0 suc h that j f

i

1

: : : f

i

n

( X ) j < " for all

sequences i

1

i

2

:::i

n

2 I

n

. In fact, b y K• onig's lemma, it is su�cien t that for eac h

in�nite sequence i

1

i

2

::: 2 I

!

, j f

i

1

: : : f

i

n

( X ) j ! 0 an n ! 1 . Edalat calls an IFS

satisfying the latter condition we akly hyp erb olic . It is clearly the case that ev ery

h yp erb olic IFS is w eakly h yp erb olic.

Theorem 8 (Edalat [3]). A we akly hyp erb olic weighte d IFS h X ; f ( f

i

; p

i

) g

i 2 I

i

on a c omp act metric sp ac e X has a unique invariant me asur e which is mor e over

an attr actor for the Markov op er ator (12).

Pr o of. Ev ery con tin uous v aluation on a compact metric space extends to a

Borel measure, and con v ersely ev ery Borel measure restricts to a con tin uous

v aluation. Th us, to pro v e the existence of a unique in v arian t measure, it suf-

�ces to pro v e that there is a unique con tin uous v aluation � on X suc h that

� ( O ) =

P

i 2 I

p

i

� ( f

� 1

i

( O )) for all op en O � X .

Let D b e the sub-dcp o of PU X consisting of v aluations with mass 1. Then

D is p oin ted and con tin uous, and T restricts to a monotone map D ! D . Th us

w e ma y apply Theorem 3 to deduce that T has a unique �xed p oin t on D , and

this p oin t lies in k er M .

By an ob vious iden ti�cation of X with k er m w e ma y regard the Mark o v

op erator G , de�ned in (12), as a selfmap of the set of v aluations on k er m . Next

w e sho w that G so regarded agrees with T . F ormally , if O � U X is Scott op en,

then using the notation of Theorem 6, w e ha v e

G ( �

�

)

�

( O ) = G ( �

�

)( O \ k er m )

=

X

i 2 I

p

i

�

�

( f

� 1

i

( O \ k er m ))

=

X

i 2 I

p

i

� (( U f

i

)

� 1

( O )) (as f

� 1

i

( O \ k er m ) = ( U f

i

)

� 1

( O ) \ k er m )

= T ( � )( O )

Since T = G on k er m w e kno w that the unique �xed p oin t of T is a unique

in v arian t measure. F urthermore, it also follo ws that T tak es k er M in to k er M ,

so, b y Theorem 3, the �xed p oin t of T is an attractor for T in the relativ e Scott

top ology on k er M . But k er M ' M X , so the in v arian t measure for G is also an

attractor in the w eak top ology . ut



The construction of the unique in v arian t measure here is essen tially the same

as in Edalat [3]. Ho w ev er it is justi�ed in a di�eren t w a y . Edalat deduces that the

least �xed p oin t of T is a unique �xed p oin t b y pro ving that it is maximal. This

observ ation dep ends on a c haracterization of the maximal elemen ts of PU X in

terms of their supp orts. This last requires some more measure-theoretic mac hin-

ery than w e ha v e used here: in particular he uses the result of La wson [12] on

extending con tin uous v aluations on ! -con tin uous dcp os to Borel measures o v er

the La wson top ology .

7 F uture W ork

By w a y of conclusion here are some questions w e w ould lik e to kno w the answ ers

to.

{ Is there a Leb esgue measuremen t whic h is not regular? P ossibly the domain

of partial functions on the naturals admits suc h a measuremen t since the

maximal elemen ts of this domain are not lo cally compact in the relativ e

Scott top ology .

{ W e kno w that if m is a regular measuremen t, then M is a measuremen t.

Do es the con v erse hold?

{ Are the follo wing equiv alen t for a coun tably based domain D ?

(i) Ev ery Leb esgue measuremen t � with k er � = max D is regular.

(ii) The space max D is lo cally compact, regular and second coun table.

{ An in teresting problem is to c haracterize the maximal elemen ts of the prob-

abilistic p o w erdomain. In particular, if k er m = max D , do w e ha v e k er M =

max P D ?
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