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ABSTRA CT

Linear FS-lattices are sp ecial link ed and bicon tin uous lattices. Giv en a con tin-

uous lattice A , let A �

�

A b e the space of all maps f : A ! A preserving suprema

and [ A ! A ] the space of maps preserving directed suprema where the or-

der is de�ned p oin t wise. Then the inclusion I

A

: ( A �

�

A ) ! [ A ! A ] preserv es

suprema and has th us an upp er adjoin t P

A

: [ A ! A ] ! ( A �

�

A ). W e sho w that

A is a linear FS-lattice if and only if the map P

A

preserv es directed suprema.

F urthermore, a complete lattice B is completely distributiv e if and only if it

is a distributiv e linear FS-lattice; this is equiv alen t to the map P

B

preserving

suprema.

1 Linear FS-lattices

Con tin uous lattices [3] are complete lattices with some inheren t form of appro x-

imation whic h mak es them imp ortan t ob jects of study in pure mathematics and

theoretical computer science alik e. W e sa y that x is way-b elow y in a complete

lattice L if and only if for all directed sets D � L with y � _ D w e ha v e x � d

for some d 2 D ; w e denote this b y x � y . A complete lattices L is c ontinuous

if and only if ev ery y 2 L is the suprem um of elemen ts x � y .

Suc h lattices pro vided the �rst mathematical mo del of the un t yp ed lam b da-

calculus [17] and w ere the conceptual p oin t of departure for the dev elopmen t

of domain the ory [1], a ric h an subtle mathematical foundation for denotational

seman tics [13]. Let us just cite t w o results in pure mathematics where con tin-

uous lattices pla y a crucial role. First, endo w ed with their Scott-top ology they

are recognized as the injectiv e T

0

-spaces [3, Chapter I I, Theorem 3.8]. Second,

the distributiv e con tin uous lattices are the Stone duals of the lo cally compact

sob er spaces [6, 7]. But con tin uous lattices with their Scott-top ology ar e suc h
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lo cally compact sob er spaces and their Stone duals in turn are kno wn to b e

the completely distributiv e lattices [4, 5]. Recall the a complete lattice L is

completely distributiv e [14 ] if and only if for all families ( A

i

)

i 2 I

of subsets of L

w e ha v e

^

i 2 I

_

A

i

=

_

f 2

Q

i 2 I

A

i

^

i 2 I

f ( i )

Their are t w o w ell-kno wn c haracterizations of completely distributiv e lattices

needed in this pap er.

Theorem 1 [3, Chapter I, The or em 3.15] A c omplete lattic e L is c ompletely

distributive if and only if L is distributive and L and L

op

ar e c ontinuous lattic es.

The other c haracterization of comp etely distributiv e lattices go es bac k to

[15]; w e de�ne x n y in the same w a y as x � y only that w e no w allo w to

consider al l subsets D � L with y � _ D : i.e., x n y if and only if for all

D � L with y � _ D w e ha v e x � d for some d 2 D . In that case w e sa y that

x is w a y-w a y-b elo w y . Call a complete lattice prime-c ontinuous if and only if

ev ery elemen t y 2 L is the suprem um of x n y .

Theorem 2 [1, 15 , The or em 7.1.3] A c omplete lattic e is prime-c ontinuous if

and only if it is c ompletely distributive.

If w e think of complete lattices as complete sup-semilattices then the homo-

morphisms are maps f : L ! M whic h preserv e suprema: f ( _ X ) = _ f ( X ) for

all X � L . Let L �

�

M denote the function space of all suc h maps where the

order is de�ned p oin t wise: f � g in L �

�

M if and only if f ( x ) � g ( x ) for all

x 2 L . One readily notes that L �

�

M is a complete lattice with

_

F ( x ) = _f f ( x ): f 2 F g

for all F � L �

�

M .

Alternativ ely , w e ma y think of complete lattices as dcp os [1], partial orders

with least elemen t 0 suc h that all directed subsets ha v e a suprem um. Then

the natural homomorphisms are maps f : L ! M preserving directed suprema:

f ( _ D ) = _ f ( D ) for all directed sets D � L . Let [ L ! M ] b e the corresp onding

function space in the p oin t wise order. Again, this is a complete lattice where

the suprem um in [ L ! M ] is ev aluated p oin t wise. Eviden tly , L �

�

M is a subset

of [ L ! M ] but the inclusion map preserv es suprema since suc h suprema are

calculated p oin t wise in either function space. The inclusion

I

LM

: ( L �

�

M ) ! [ L ! M ]

therefore has an upp er adjoin t [3, Chapter 0, Corollary 3.5]

P

LM

: [ L ! M ] ! ( L �

�

M )
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whic h renders for f 2 [ L ! M ] the greatest map preserving suprema b elo w f .

W e write I

L

and P

L

if L = M .

A �rst step to w ards motiv ating and de�ning linear FS-lattices is to describ e

the con tin uit y of a complete lattice L b y app ealing to higher-order notions:

instead of realizing con tin uit y via � at the elemen t lev el of L w e only refer to

the existence of certain functions in [ L ! L ] whic h ha v e the iden tit y function

as suprem um.

F or that w e need to p oin t out that � satis�es the in terp olation axiom [3]

in a con tin uous lattice L : x � y implies x � z � y for some z 2 L . This is the

instrumen tal prop ert y in establishing a structure theory of con tin uous lattices.

De�nition 1 A self-map f : L ! L of a c omplete lattic e L is a de
ation if and

only if f ( x ) � x for al l x 2 L and the image of f is �nite.

De
ations f 2 [ L ! L ] giv e rise to elemen ts of � :

Lemma 1 L et f 2 [ L ! L ] b e a de
ation. Then f ( x ) � x for al l x 2 L .

Pro of. Let D � L b e directed with x � _ D . Then f ( x ) � _ f ( D ) as f

preserv es directed suprema. Since the image of f is �nite and f ( D ) directed

there exists some d

�

2 D with _ f ( D ) = f ( d

�

) and th us f ( x ) � f ( d

�

) � d

�

2 D .

2

Prop osition 1 L et L b e a c omplete lattic e. Then L is c ontinuous if and only

if ther e exists a dir e cte d set of de
ations D � [ L ! L ] with

W

D = id

L

. In that

c ase we have x � y in L if and only if x � f ( y ) for some f 2 D .

Pro of.

1. First, let D b e suc h a set and x 2 L . Then f ( x ) � x for all f 2 F b y Lemma 1

and the suprem um of f f ( x ): f 2 F g equals x ; th us L is con tin uous.

Second, assume that L is con tin uous. F or eac h �nite subset F � L de�ne

d

F

: L ! L as

d

F

( x ) = _f y 2 F : y � x g

Clearly , the image of d

F

is �nite as it is con tained in the sup-semilattice gen-

erated b y F . One readily c hec ks that d

F

2 [ L ! L ] using the in terp ola-

tion prop ert y of � . Moreo v er, d

F

� id

L

sho ws that d

F

is a de
ation. Then

f d

F

: F � L �nite g is a directed set of de
ations in [ L ! L ] and its suprem um

equals id

L

, for L is con tin uous.

2. First, x � y and y = _f f ( y ): f 2 D g imply x � f ( y ) for some f 2 D . Second,

if x � f ( y ) is the case for some f 2 D then f ( y ) � y implies x � y . 2

Note that the p oin t wise suprem um of t w o de
ations in [ L ! L ] is again a

de
ation. Th us w e can also state that L is con tin uous if and only if id

L

is the

(directed) suprem um of al l de
ations in [ L ! L ]. This results suggests to de�ne

linear FS-lattices L b y demanding the existence of some directed family D in
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[ L ! L ] whose suprem um equals id

L

. The o dd feature of the actual de�nition

is that w e str engthen it with resp ect to con tin uit y b y con�ning the family D to

the smaller set L �

�

L and b y sim ultaneously we akening the notion of de
ation.

This w eak er notion of �nitely separated functions is due to A. Jung [12 ].

De�nition 2 L et f ; g : L ! M b e two maps b etwe en c omplete lattic es L and M .

We say that f is �nitely separated fr om g if and only if ther e exists some �nite

set M � L such that for al l x 2 L ther e is some m

x

2 M with f ( x ) � m

x

�

g ( x ) .

W e will primarily b e in terested in functions f 2 L �

�

L whic h are �nitely

separated from id

L

. Clearly , an y de
ation on L is �nitely separated from id

L

b y its image. The prop ert y of b eing �nitely separated from id

L

generalizes the

notion of a de
ation b y w eak ening the �niteness of the image to some more

general and abstract compactness condition.

De�nition 3 [11 , 10] A c omplete lattic e L is a line ar FS-lattic e if and only if

ther e exists a dir e cte d set D � L �

�

L with _D = id

L

such that every f 2 D is

�nitely sep ar ate d fr om id

L

.

In the de�nition ab o v e, if L is just a dcp o and D a subset of [ L ! L ]

then this is the de�nition of FS-domains in [12 ]. One can sho w that linear FS-

lattices are sp ecial link ed, bicon tin uous lattices [11 , 10]. View ed as complete

sup-semilattices they form a � -autonomous sub category of the � -autonomous

category of complete sup-semilattices [2]; in fact, it is the greatest suc h � -

autonomous category of link ed con tin uous lattices with that giv en in ternal hom

functor L �

�

M [11 , 10 ].

The algebraic linear FS-lattices are suc h that w e can demand all f 2 D

to b e idemp otent de
ations ; further, their sup-retracts are linear FS-lattices

where w e can demand all f 2 D to b e de
ations , not necessarily idemp oten t

[11, 10 ]. Algebraic linear FS-lattices ha v e already b een studied as pr o�nite

lattic es [ ? ]. They ha v e b een in terpreted at the elemen t lev el via inter action

or ders [8] and they are the greatest class of algebraic lattices closed under the

op eration L 7! ( L �

�

L ) [9].

In this pap er w e will sho w the follo wing results:

� A con tin uous lattice L is a linear FS-lattice if and only if the map P

L

preserv es

directed suprema;

� a complete lattice L is completely distributiv e if and only if it is a distributiv e

linear FS-lattice;

� and a con tin uous lattice A is completely distributiv e if and only if the map P

A

preserv es suprema.
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2 A c haracterization of linear FS-lattices

Let g b e �nitely separated from h b y the �nite set M . If f � g then clearly f is

�nitely separated from h b y M . This is all w e need in sho wing one half of the

c haracterization of linear FS-lattices.

Prop osition 2 L et L b e a c ontinuous lattic e such that P

L

pr eserves dir e cte d

supr ema. Then L is a line ar FS-lattic e.

Pro of. Since L is con tin uous w e ha v e a directed set D � [ L ! L ] of de
ations

suc h that id

L

is the suprem um of D (Prop osition 1). Since P

L

preserv es directed

suprema w e ha v e that id

L

= P

L

(id

L

) equals the suprem um of the directed set

f P

L

( f ): f 2 D g � L �

�

L . W e are done if eac h P

L

( f ) is �nitely separated from

id

L

. But this is clear, for P

L

( f ) � f and f , b eing a de
ation, is �nitely separated

from id

L

. 2

The pro of of the other implication is quite hard and in v olv es an astonish-

ingly subtle argumen t. But �rst w e need to generalize Lemma 1 to the case of

functions �nitely separated from id

L

.

Lemma 2 L et L b e a c omplete lattic e such that f 2 [ L ! L ] is �nitely sep ar ate d

fr om id

L

. Then f ( y ) � y for al l y 2 L ; mor e over, x � f ( y ) implies x � y in

L .

Pro of. The second claim is immediate since x � f ( y ) � y implies x � y . Let

f a

i

: i 2 I g � L b e directed with y � _f a

i

: i 2 I g . Then f ( y ) � f f ( a

i

): i 2 I g as

f preserv es directed suprema. Let M b e a �nite set separating f from id

A

. F or

i 2 I there exists some m

i

2 M with f ( a

i

) � m

i

� a

i

. The set F = f m

i

: i 2 I g

is �nite; let J b e a �nite subset of I suc h that F = f m

j

: j 2 J g . As the

family f a

i

: i 2 I g is directed w e ha v e an upp er b ound a

k

of f a

j

: j 2 J g . Then

f ( y ) � _

j 2 J

m

j

� _

j 2 J

a

j

� a

k

. 2

Corollary 1 Every line ar FS-lattic e is a c ontinuous lattic e.

Prop osition 3 [11, 10] L et L and M b e line ar FS-lattic e. Then L �

�

M is a

line ar FS-lattic es.

Pro of. Let D � L �

�

L and E � M �

�

M b e directed sets with _D = id

L

and

_E = id

M

suc h that all f 2 D and g 2 E are �nitely separated from the resp ec-

tiv e iden tities. If M

f

, resp ectiv ely M

g

, is a �nite set separating f 2 D from id

L

,

resp ectiv ely g 2 E from id

M

, then w e are done if ( f �

�

g )

2

2 ( L �

�

M ) �

�

( L �

�

M )

is separated from id

L �

�

M

b y some �nite set, where

f �

�

g ( h ) = g � h � f ;
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simply note that id

L �

�

M

is the directed suprem um of the set

f ( f �

�

g )

2

: f 2 D ; g 2 E g

as comp osition preserv es directed suprema.

W e de�ne an equiv alence relation � on L �

�

M b y

h

1

� h

2

, 8 m 2 M

f

" ( g ( h

1

( m ))) \ M

g

= " ( g ( h

2

( m ))) \ M

g

:

As M

f

and M

g

are �nite, there are only �nitely man y equiv alence classes on

L �

�

M . Let M b e an non-redundan t and complete set of represen tativ es of these

classes. W e claim that the �nite set f �

�

g ( M ) separates ( f �

�

g )

2

from id

L �

�

M

.

Giv en h 2 L �

�

M , let

�

h b e the corresp onding represen tativ e in M . F or a 2 L ,

w e compute

h ( a ) � h ( m

f

) ; for some m

f

2 M

f

with f ( a ) � m

f

� a

� m

g

; for some m

g

2 M

g

with g ( h ( m

f

)) � m

g

� h ( m

f

)

� g (

�

h ( m

f

)) ; as g ( h ( m

f

)) � m

g

and h �

�

h

� g (

�

h ( f ( a ))) ; as f ( x ) � m

f

:

By symmetry , w e obtain

�

h � ( f �

�

g )( h ), so h � f �

�

g (

�

h ) � ( f �

�

g )

2

( h ). 2

This argumen t is due to A. Jung in [12 ] w ere it is used in the function

space [ L ! M ]; w e merely adapted it to cater for the space L �

�

M . This result

implies that linear FS-lattices are a class of con tin uous lattices closed under the

op eration L 7! ( L �

�

L ). There is, ho w ev er, a more naiv e approac h to obtaining

suc h a class.

Lemma 31. If L and M ar e c ontinuous lattic es then so is [ L ! M ] .

2. L et L b e a c omplete lattic e and M a c ontinuous lattic e e quipp e d with maps

r : M ! L and e : L ! M pr eserving dir e cte d supr ema. If r � e = id

L

then L is

a c ontinuous lattic e.

Pro of. W e pro vide succinct pro ofs b y using Prop osition 1.

1. W e kno w that id

L

=

W

D and id

M

=

W

E for directed sets of de
ations D �

[ L ! L ] and E � [ M ! M ]. Then

F = f [ f ! g ]: f 2 D ; g 2 E g � [[ L ! M ] ! [ L ! M ] ]

is directed and its suprem um equals [id

L

! id

M

] = id

[ L ! M ]

since comp osition

preserv es directed suprema. Th us [ L ! M ] is con tin uous b y Prop osition 1.

2. Giv en E as in (1), the set f r � g � e : g 2 E g is directed and has r � id

M

� e = id

L

as suprem um, for comp osition preserv es directed suprema.
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2

Giv en a con tin uous lattice L w e therefore ha v e that [ L ! L ] is a con tin uous

lattice as w ell. Since I

L

is a lo w er adjoin t of P

L

it preserv es suprema. Assuming

that P

L

preserv es directed suprema w e then infer that L �

�

L is a con tin uous

lattice b y Lemma 3(2). In order to sho w that the class of con tin uous lattices

L where P

L

preserv es directed suprema is closed under L 7! ( L �

�

L ) w e no w

need to v erify that P

M

preserv es directed suprema for M = L �

�

L . This is far

from ob vious. The results presen ted in this pap er sho w that it is indeed true

and that this class of con tin uous lattices surprisingly coincides with the class of

linear FS-lattices.

In sho wing the con v erse of Prop osition 2 w e sho w that P

L

preserv es directed

suprema b y pro ving that I

L

preserv es the w a y-b elo w relation; w e will see shortly

that this is indeed a sound strategy .

De�nition 4 L et f : L ! M b e a function b etwe en two c omplete lattic es. We

say that f pr eserves the way-b elow r elation if and only if x � y in L implies

f ( x ) � f ( y ) in M .

W e cite the relev an t parts of [1, Prop osition 3.1.14] for the sp ecial case of

con tin uous lattices.

Prop osition 4 L et L and M b e c omplete lattic es and f : L ! M a lower adjoint

of g : M ! L .

1. If the function g pr eserves dir e cte d supr ema then f pr eserves the way-b elow

r elation.

2. If L is a c ontinuous lattic e then the c onverse of (1) is true as wel l.

Finally , w e ha v e accum ulated all the necessary concepts and facts for c har-

acterizing linear FS-lattices via the function spaces �

�

and [ ! ].

Theorem 3 L et L b e a c ontinuous lattic e. Then L is a line ar FS-lattic e if and

only if the map P

L

pr eserves dir e cte d supr ema.

Pro of. By Prop osition 2 it su�ces to sho w that P

L

preserv es directed suprema

if L is a linear FS-lattice. In that case, Prop osition 3 and Corollary 1 ensure

that L �

�

L is a con tin uous lattice. Using Prop osition 4(2), it th us su�ces to

pro v e that I

L

preserv es the w a y-b elo w relation. So let f � g in L �

�

L . W e need

to sho w f � g in [L ! L ]. By Lemma 2 w e are done if w e ha v e f � 	( g ) for

some 	 2 [[ L ! L ] ! [ L ! L ] ] suc h that 	 is �nitely separated from id

L

.

Since L is a linear FS-lattice w e ha v e a directed family of functions D � L �

�

L

with suprem um id

L

suc h that eac h h 2 D is separated from id

L

b y some �nite

set M

h

� L . Let h �

�

h b e the elemen t of ( L �

�

L ) �

�

( L �

�

L ) whic h sends eac h

i to the map h � i � h . Clearly , id

L �

�

L

is the suprem um of f ( h �

�

h )

2

: h 2 D g

7



as comp osition preserv es directed suprema. Since f � g in L �

�

L and g =

_f ( h �

�

h )

2

( g ): h 2 D g , w e ha v e f � ( h �

�

h )

2

( g ) for some h 2 D .

The subtle p oin t is no w this: since h is also in [ L ! L ] w e ma y de�ne

[ h ! h ] 2 [[ L ! L ] ! [ L ! L ] ] whose action restricted to L �

�

L e quals the

action of h �

�

h . Therefore

f � [ h ! h ]

2

( g )

In [12 ] w e then ha v e a pro of that [ h ! h ]

2

is �nitely separated from id

[ L ! L ]

. In

fact, this is the same pro of as the one in Prop osition 3 where w e replace all �

�

b y [ ! ]. 2

3 A c haracterization of distributiv e linear FS-lattices

Before w e strengthen the Theorem ab o v e to the case of distributiv e linear FS-

lattices w e w an t to unco v er these latter lattices as b eing precisely the completely

distributiv e ones.

Prop osition 5 A c omplete lattic e L is c ompletely distributive if and only if L

is a distributive line ar FS-lattic e.

Pro of. First, let L b e a distributiv e linear FS-lattice. Clearly 2 = f 0 < 1 g is

a linear FS-lattice as it is �nite. So A �

�

2 is a linear FS-lattice b y Prop osition 3.

But

A �

�

2

�

=

A

op

where the isomorphism is realized b y

f 7! _ f

� 1

(0

A

)

Th us A

op

is con tin uous b y Corollary 1. Using Theorem 1 w e infer that L is

completely distributiv e.

Second, let L b e completely distributiv e. Clearly , L is then distributiv e. F or

eac h �nite subset F � L de�ne e

F

: L ! L b y

e

F

( x ) = _f y 2 F : y n x g

W e reason as for the maps d

F

to conclude that all maps e

F

are de
ations and

that the family f e

F

: F � L �nite g is directed. The pro of that � satis�es

the in terp olation prop ert y can b e successfully tranferred to n whenev er L is

completely distributiv e [14]. Th us all maps e

F

are in L �

�

L and their suprem um

equals id

L

b y Theorem 2. Hence L is a linear FS-lattice. 2

Prop osition 6 L et L b e a c ompletely distributive lattic e. Then P

L

pr eserves

supr ema and

P

A

( f )( a ) = _f f ( w ): w n a g

for al l f 2 [ L ! L ] and al l a 2 L .

8



Pro of. Let f 2 [ L ! L ] b e giv en. De�ne f

d

( a ) = _f f ( w ): w n a g for

all a 2 L . W e claim that f

d

= P

L

( f ). Since L is completely distributiv e w e

kno wn that n satis�es the in terp olation prop ert y and that ev ery elemen t in

L is the suprem um of elemen ts w a y-w a y-b elo w it. Clearly , f

d

is monotone, so

_ f

d

( X ) � f

d

( _ X ) for X � L . Let w

0

n f

d

( _ X ). Then w

0

� f ( w ) for some

w n _ X b y the de�nition of f

d

. Let w

00

b e suc h that w n w

00

n _ X . Then

w

00

� x for some x 2 X sho ws w n x . Th us w

0

� f ( w ) � f

d

( x ) � f

d

( _ X )

and f

d

2 L �

�

L has b een sho wn. If g � f with g 2 L �

�

L then g � f

d

readily

follo ws as g preserv es all suprema and as ev ery elemen t in L is the suprem um

of elemen ts w a y-w a y-b elo w it. This pro v es P

L

( f ) = f

d

.

As ev ery completely distributiv e lattice is a linear FS-lattice (Prop osition 5)

w e ha v e that P

L

preserv es directed suprema (Theorem 3). Th us it su�ces to

sho w that P

L

preserv es binary suprema. W e compute

( f _ g )

d

( a ) = _f ( f _ g )( w ): w n a g

= _f f ( w ) _ g ( w ): w n a g

= _f f ( w ): w n a g _ ( _f g ( w ): w n a g )

= f

d

( a ) _ g

d

( a )

= ( f

d

_ g

d

)( a )

for all a 2 L . 2

Recall that an elemen t p in a complete lattice L is a _ -prime if and only if

for all x; y 2 L with p � x _ y w e ha v e p � x or p � y .

Corollary 2 L et L b e a c ompletely distributive lattic e. Then the _ -primes of

L �

�

L ar e exactly the _ -primes of [ L ! L ] which ar e elements of L �

�

L .

Before w e go on to pro v e the con v erse of Prop osition 6, w e need to establish

a v ersion of Prop osition 4 for completely distributiv e lattice.

Lemma 4 L et L and M b e c omplete lattic es and f : L ! M a lower adjoint of

g : M ! L .

1. If g pr eserves supr ema then f pr eserves n .

2. If L is c ompletely distributive then the c onverse of (1) is also true.

Pro of.

1. Let a n b in L ; w e ha v e to sho w f ( a ) n f ( b ). Let X � M suc h that

f ( b ) � _

M

X . W e are done if f ( a ) � x for some x 2 X . Since g preserv es

all suprema w e get b � g ( f ( b )) � g ( _

M

X ) = _

L

g ( X ). No w, a n b implies

a � g ( x ) for some x 2 X and f ( a ) � f ( g ( x )) � x follo ws.

2. Let X � M b e arbitrary . As g is monotone w e ha v e _

M

g ( X ) � g ( _

L

X ).

W e need to sho w the rev erse inequalit y and b y Theorem ? it su�ces to sho w

9



a � _

M

g ( X ) for all a n g ( _

L

X ). So let a n g ( _

L

X ) b e giv en. Since f

preserv es n w e obtain f ( a ) n f ( g ( _

L

X )) � _

L

X whic h implies f ( a ) � x for

some x 2 X . Therefore, a � g ( f ( a )) � g ( x ) � _

M

g ( X ).

2

Corollary 3 L et L b e a c ompletely distributive lattic e. Then I

L

pr eserves n .

Next w e w an t to demonstrate that a con tin uous lattice L is completely

distributiv e if P

L

preserv es suprema. F or that w e need to gain a b etter under-

standing of step functions, certain maps preserving directed suprema, and of

their images under P

L

.

De�nition 5 L et L b e a c omplete lattic e and x; y ; z 2 L . De�ne x & y : L ! L

[1] to b e the function with maps * ( x ) to y and L n * ( x ) to 0

L

, wher e

* ( x ) = f y 2 L : x � y g [ 1 ; 3 ]

F urther, let z % y : L ! L b e the function with maps L n # ( z ) to y and # ( z ) to

0

L

.

Lemma 5 L et L b e a c ontinuous lattic e and x; y ; z 2 L .

1. The map x & y 2 L pr eserves dir e cte d supr ema and is a de
ation;

2. and P

L

( x & y ) = z % y , wher e z = _ ( L n * ( x )) .

Pro of.

1. This is immediate as * ( x ) is an upp er set inaccessible b y directed suprema if L

is con tin uous.

2. W e �rst sho w z % y � x & y : If a 2 * ( x ) then ( z % y )( a ) � y = ( x & y )( a ).

If a 2 L n * ( x ) then a � z implies ( z % y )( a ) = 0

L

� ( x & y )( a ). No w, let g 2

L �

�

L b e suc h that g � x & y . W e are done if g � z % y . Since g � x & y w e

ha v e L n * ( x ) = ( x & y )

� 1

(0

L

) � g

� 1

(0

L

). As g preserv es suprema w e conclude

that z = _ ( x & y )

� 1

(0

L

) 2 g

� 1

(0

L

). Therefore, g ( a ) = 0

L

� ( z % y )( a ) for all

a � z . If a 6� z then g ( a ) � ( x & y )( a ) � y = ( z % y )( a ).

2

Theorem 4 L et L b e a c ontinuous lattic e. Then P

L

pr eserves supr ema if and

only if L is c ompletely distributive.

Pro of. By Prop osition 6 it remains to sho w that L is completely distributiv e

if P

L

preserv es suprema. Assuming the latter w e utilize step functions: since L

is con tin uous w e kno w that

id

L

=

_

f x & y : y � x in L g : [3 ; C hapter I I ; E xer cise 2 : 16( iii )]

10



Since P

L

is assumed to preserv e suprema, w e obtain

id

L

= P

L

(id

L

)

= P

L

(

_

f x & y : y � x in L g )

=

_

f P

L

( x & y ): y � x in L g

=

_

f z % y : y � x; z = _ ( L n * ( x )) g

Eac h of the functions z % y has at most t w o p oin ts in its image, so the image

is certainly completely distributiv e. Therefore, eac h of these functions is a tight

Galois Connection on L [16]. The suprem um of tigh t Galois Connections is

tigh t, for ev ery Galois Connection has a least tigh t Galois Connection b elo w it.

Th us id

L

is tigh t as w ell. By [16 ] this is the case if and only if L is completely

distributiv e. 2

Hence w e can mak e

W

f P

L

( x & y ): y � x in L g a precise measure of com-

plete distributivit y .

Corollary 4 L et L b e a c ontinuous lattic e. Then the fol lowing ar e e quivalent:

1. L is c ompletely distributive.

2. id

L

=

W

f P

L

( x & y ): y � x in L g .

F urthermor e, we always have the formula

_

a 6� u

^

t 6� u

t =

_

f P

L

( x & y ): y � x in L g

for al l elements in a c ontinuous lattic e L .

Pro of. The commen ts on the tigh tness of id

L

ab o v e sho w that (2) implies

(1). Let L b e completely distributiv e. Then P

L

preserv es suprema and (2) is

immediate. As L is completely distributiv e if and only if id

L

is tigh t, and as

W

f P

L

( x & y ): y � x in L g is a tigh t Galois Connection b elo w id

L

satisfying the

ab o v e equiv alence, w e infer that

W

f P

L

( x & y ): y � x in L g equals the greatest

tigh t Galois Connection b elo w id

L

whic h is kno wn to satisfy the ab o v e form ula

[16]. 2

4 Op en problems

There are essen tially t w o op en problems in the theory of linear FS-lattices. First,

w e kno w that a linear FS-lattice L is algebraic if and only if there exists some

directed set D � L �

�

L of idemp oten t de
ations whose suprem um equals id

L

.

The retracts of these lattices are those complete lattices M whic h ha v e some

directed set E � M �

�

M of de
ations whose suprem um equals id

M

; in particular,

11



they are linear FS-lattices and linear FS-lattices are closed under sup-retracts

(similar pro of as in Lemma 3(2)). Of course, w e w ould lik e to kno w whether

ev ery linear FS-lattice is the retract of some algebraic linear FS-lattice.

Question 1 Is every line ar FS-lattic e the sup-r etr act of some algebr aic line ar

FS-lattic e?

Note that suc h a statemen t holds for c ontinuous lattices, for the ideal com-

pletion of a con tin uous lattice is an algebraic lattice. Moreo v er, this statemen t

holds in the w orld of distributive linear FS-lattices, for w e ma y realize suc h

a lattice as the sup-retract of the completely distributiv e algebraic lattice of

lo w er sets of its _ -primes. Ho w ev er, it is not the case that the ideal comple-

tion of a linear FS-lattice is a linear FS-lattice and w e ha v e to come up with a

generalization of the retract construction in the distributiv e case.

The second op en problem is ab out c haracterizing linear FS-lattices as pre-

cisely those complete lattices L suc h that L �

�

L is con tin uous. This has b een

sho wn for algebr aic linear FS-lattices in [9]. W e ha v e seen that L �

�

L is con tin-

uous for an y linear FS-lattice. In [11, 10] w e sho w ed that L is bicon tin uous if

L �

�

L is con tin uous. Moreo v er, if L is link ed then the con tin uit y of L �

�

L forces

L to b e a linear FS-lattices. The problem is lies therefore in getting rid of the

additional assumption of link edness in pro ving this.

Question 2 L et L b e a (bic ontinuous) lattic e such that L �

�

L is a c ontinuous

lattic e. Is L linke d?

In that case L w ould indeed b e a linear FS-lattice and these w ould b e exactly

those con tin uous lattices whic h are closed under �

�

.
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