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Abstract

We address the question of how elegantly to combine a numberfali erent struc-
tures, such as nite product structure, monoidal structure, and colimiting structure,
on a category. Extending work of Marmolejo and Lack, we devealp the de nition of
a pseudo-distributive law between pseudo-monads, and we stv how the de nition
and the main theorems about it may be used to model several shcstructures si-
multaneously. Speci cally, we address the relationship baveen pseudo-distributive
laws and the lifting of one pseudo-monad to the 2-category oélgebras and to the
Kleisli bicategory of another. This, for instance, sheds lght on the preservation of
some structures but not others along the Yoneda embedding. Or leading examples
are given by the use of open maps to model bisimulation and bytte logic of bunched
implications.

1 Introduction

Categories with additional structure, such as symmetric mmoidal structure,
nite product structure, cartesian closed structure, bothsymmetric monoidal
and nite product structure together [174/22], a monad[15]or a class of colim-
its [3/10], play a fundamental foundational role in theoretal computer science.
Typically, one considers categories with several structes at once, with those
structures interacting with each other in some way. For instnce, Moggi's
work on computational e ects [1%] involves both nite prodwct structure and
a monad, interacting with each other in the de nition of strang monad. The
logic of bunched implications involves a small symmetric nmoidal categoryC
with nite products and extends both the symmetric monoidalstructure and
the nite product structure along the Yoneda embeddingY:C !  [C°P; Sef].

1 This work is supported by EPSRC grant GR/M56333: The structure of programming
languages : syntax and semantics.
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In contrast, nite coproduct structure does not extend alog the Yoneda em-
bedding. The Yoneda embedding exhibitdJ°?; Set] as the free cocompletion
of C, and, consequently, the monoidal and nite product structues are sent to
monoidal closed and cartesian closed structures respeetiv In the analysis of
bisimulation using open maps[]3,10], crucial use is exptlgimade of the fact
that the Yoneda embedding yields the free cocompletion of anall category,
and structures such as nite product structure are analyseth that light.

Motivated by these examples, we seek a calculus of categeneith struc-
ture: what does it mean to mean to be a \category with structue"? what
elegant constructions, supported by theorems, can one makéh categories
with structure? how may one elegantly combine two or more sictures on a
category, again supported by theorems? There has been cdesable abstract
mathematical work on the rst two of these questions over remt decades: a
de nitive de nition of algebraic structure on a category appears in [2], with
an account of some of the ideas directed towards theoreticadmputer scien-
tists in [LY]; the former paper also develops some constrigis on categories
with algebraic structure, with further development appeang in [@[4]. In this
paper, we address the third question: how elegantly to conm@ two or more
structures on a category? This question did not arise for usoim abstract con-
siderations, but was put to us by computer scientists workimon bisimulation,
and is also of immediate relevance to the work on bunched ingations. The
primary interest of the workers on bisimulation is where onef the structures
is that of all small colimits, i.e., relating to the free cocmpletion of a category.

The notion we develop here is that of @seudo-distributive lawbetween
pseudo-monad§l3[T4]. The de nition of a pseudo-distributive law genellegses
that of a distributive law between ordinary monads/]il]. The gneralisation
is not routine because the pseudo-ness adds so much compbeathat, al-
though it is fairly clear what is the right data for a pseudo-astributive law,
it is less clear what are de nitive axioms for the notion. Themain result for
pseudo-distributive laws is the generalisation of the equilence between ordi-
nary distributive laws and liftings [I]. Computational interest lies both in the
lifting, given a pseudo-distributive law of one pseudo-ma@u S over another
pseudo-monadr, of T to the 2-category of algebras 0% and in the lifting of
S to the Kleisli bicategory of T.

Except for a size concern that we analyse below, the leadingaenples for
us of pseudo-monads o at are the 2-monads for nite products, symmetric
monoidal structure, and all small colimits, and the pseudoionads generated
by their combinations. And the leading examples of pseudastributive laws
for us are those between these structures. For a further widdass of exam-
ples, if T is apseudo-commutativenonad onCat, as de ned in [6[7], there is a
canonical pseudo-distributive law ofs over T, whereS is the 2-monad onCat
whose algebras are small symmetric monoidal categories. iFlyields a sub-
stantial range of examples of relevance to computer scienogany of them used
to model contexts or parallelism. Pseudo-commutative moda have proved
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to be useful in the analysis of combining computational e dés [8[9]. Fur-
ther examples of pseudo-distributive laws arise involvingremonoidal struc-
ture [20[21], as is increasingly used in modelling contintians [4].

The most relevant work to date in the direction of this paperand work
that is particularly helpful here, has been that of Marmolep in [IZ] and Lack
in [L3], building on Kelly's work in [11]. Both papers rely orand are expressed
in terms of de nitions and results relevant to tricategories in [S[19], and neither
paper is sullied by the presence of an example. Marmolejo’ager contains
the central de nition we need and goes a long way towards onesult we
regard as fundamental. But it is a long, dense paper, and it isot directed
towards computer scientists, or, for that matter, towards ay non-specialist
in higher-dimensional category theory. Moreover, it doesoh address some of
the issues of primary importance to us: for instance, it doe®ot de ne the 2-
category of algebras or the Kleisli bicategory of a pseudoemad. Nor does the
latter concept follow easily from the work in that paper: to gve a de nition in
the spirit of that paper would require careful analysis of ahlree-dimensional
colimit in a standard tricategory. Lack's paper is also deresand is also directed
only towards experts in higher-dimensional category thewr It does contain
a universal property that identi es the notion of the 2-cateyory of algebras as
we need it here, but, despite appearances, it does not actiyatlescribe that
2-category. Nor does it contain a de nition of the Kleisli bcategory, even
by identifying the appropriate universal property. It alsoassumes profound
knowledge of coherence and of weighted enriched colimitshel gentle reader
may be pleased to observe that we do not assume such knowledyehis
paper.

We must now add a caveat: the example of all small colimits, agppears
in our leading examples, is not explicitly covered by the alve-mentioned
de nition. But the only reason for that is one of size the free cocompletion
of a small category is never small in non-trivial cases, so e®not yield either
a 2-monad, or, more generally, a pseudo-monad @at. The question of size
can be addressed in various ways. For instance, in regard tisinulation, one
may restrict to a small class of small colimits as done ihl[3plternatively, one
may consider a larger universe, which is e ectively equivaht to considering
colimits of size less than for a strongly inaccessible cardinal . The work
here is already complicated enough without explicit concerabout size, and
such techniques do exist to address the issue; so, for the poses of this
paper, we shall ignore the issue beyond our mentioning it keand making an
occasional reference in the text as seems appropriate. Wantha fundamental
point of this paper that should be of considerable help to wkers especially in
bisimulation is that the bicategory P rof is simply, except for this size issue,
the Kleisli bicategory for a pseudo-monad o at.

The paper is organised as follows. In Sectidh 2, we recall tbe nition of
a pseudo-monad, and we provide examples that arise natusalh theoretical
computer science. In Sectioll 3, we de ne the 2-category ofpslo-algebras for
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a pseudo-monad, describe a universal property for it, andvgi computational
examples. In Sectioril4, we de ne the Kleisli bicategory for pseudo-monad,
give a universal property for it, and give examples. And in $8on B, we
recall the de nition of a pseudo-distributive law, and we povide a theorem
giving an equivalence between pseudo-distributive laws @riftings both to

the 2-category of algebras and to the Kleisli bicategory.

2 Pseudo-monads

In this section, we introduce the notion of a pseudo-monad aa bicategory,
a fortiori on a 2-category. Most of the examples of bicateges of primary
interest to us are 2-categories. For instanceat, the 2-category of small
categories, functors, and natural transformations, appes naturally as a 2-
category rather than as a bicategory. So this paper is gendyawritten in
terms of pseudo-monads on 2-categories rather than on biegbries. But the
usual expression of the de nition of pseudo-monad nowadays the same, as
one suppresses the structural isomorphisms of the base Iégpory in describing
the axioms. So we give the bicategorical setting here.

For some further examples of bicategorieRel is the 2-category, indeed
the locally ordered category, whose objects are sets, withlacell from X to
Y being a binary relation fromX to Y, and with 2-cells given by inclusion of
relations. A more sophisticated example, indeed one of owalding examples,
of a bicategory is given byProf , cf. [3[10].

Example 2.1 Prof may be de ned naturally in a number of di erent ways,
some of them bicategorical and others 2-categorical. In alases, its objects
are small categories. One de nition has an arrow fron€ to D de ned to
be a functorC !  [D°P; Sef], with composition de ned using a canonical
lifting, given by left Kan extension, of any such functor to afunctor with
domain [C°P; Set], then by using ordinary composition of functors. With this
de nition, Prof naturally forms a bicategory, one that is evidently, in spilt,
of the nature of a Kleisli bicategory. But an arrow inProf from C to D may
alternatively be de ned to be a colimit preserving functor fom [C°P; Sef] to
[D°P; Set]. This latter de nition makes Prof naturally into a 2-category, one
that is equivalent to the previous de nition. Yet another denition has a map
from C to D de ned to be a functor from [C°; Sef] to [D°P; Set] that has a
right adjoint: that de nition is isomorphic to the second denition, and it also
naturally de nes Prof as a 2-category.Prof is fundamental to the study of
bisimulation using open maps]3,10].

We give the de nitions of pseudo-functor pseudo-natural transformation
and modi cation in Appendix [A] following [23]. They are exactly the same as
2-functor, 2-natural transformation and modi cation excet for the system-
atic replacement of equalities between arrows by invertibl2-cells subject to
coherence axioms. In writing bicategorical diagrams, onggdically suppresses
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the structural isomorphisms in the de nition of bicategory pseudo-functor
and pseudo-natural transformation: the coherence conds are su cient to

force there to be a unique choice in each case, and quite ofteme's data is
strict anyway. So we retain that convention in our diagrams ére in order to
avoid clutter.

De nition 2.2 A pseudo-monadn a bicategoryC consists of
a pseudo-functorT :C! C
a pseudo-natural transformation :T2! T
a pseudo-natural transformation : 1! T
an invertible modi cation

R
T +
? ?
T2 = T
invertible modi cations
T
T = T? T? = T
@, 0
+ +
T
1@@ 1
B P
T T
subject to two coherence axioms
T4 T2 - T3 T4 T2 T3
@@ @@ @@
T2 @ +T @T T2 = T @T
TT @ @ @
® ® ? T ? ®
T + 717 T3 = T2 = T3 T2 + T?
@@ @@ @@
@ T + @ * @
T @ T @ @
@ r ? ® R p
T? T T? T
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T3 1 T3 T - T2 T3 1 T3 T - T2
6 6
TT + T T + =TT + T 1
? ? ?
T2 = T? = T T? = T? = T
1 1

Example 2.3 Any 2-monad yields a pseudo-monad: given a 2-monad, regard
the 2-functor trivially as a pseudo-functor and the two 2-ntural transforma-
tions trivially as pseudo-natural transformations. And te the three invertible
modi cations to be identities.

Often, as was exploited heavily in[[11] then in[2], one statwith a 2-
monad on Cat rather than with the more general notion of pseudo-monad.
That works far better than one might imagine for the purpose®f studying
categories with algebraic structure. But there are two ways which pseudo-
monads that are not 2-monads arise naturally, even in that stly; and one of
those ways is fundamental for us here.

Example 2.4 Consider the process of combining algebraic structures Qmat.
One starts with 2-monadsS and T, but one often only has a pseudo-distributive
law of S over T, not a distributive law in the usual strict sense. For in-
stance, takingS to be the 2-monad orCat whose algebras are small symmetric
monoidal categories, and taking to be the 2-monad whose algebras are small
categories with nite products, no natural choice of data foa distributive law

of S over T satis es the pentagon axiom:

S S
ST - STS - TS?
sT T s
? ?
ST - TS

But one may prove, by a combination of two of the main resultsni [6[11],
that, making any natural choice of data for , this pentagon does commute
up to coherent isomorphism. Consequently, although the 2ufictor TS does
not extend to a 2-monad, it does extend to a pseudo-monad asrued in [L4].
This situation is typical, holding in general for pseudo-ammutative T [6/4].

Example 2.5 One often has explicit descriptions of the various 2-monads
Cat, equivalently explicit descriptions of their free algebra For instance, the
free category with any class$ of colimits on a small categornyC is given by the
closure ofC in [C°P; Sef] under that class of colimits, whereC is considered as
a subcategory of C°; Sef] via the Yoneda embeddingC ! [C°P; Sef] [1Z].
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But that explicit description only agrees with the 2-monad ér S-colimits up
to equivalence. The explicit description always forms a psdo-monad but
rarely gives a 2-monad.

Example 2.6 The 2-monad onCat for small categories with nite products
extends to a pseudo-monad oRrof . Similarly for the 2-monad for small sym-
metric monoidal categories. These results will both followmodulo size, from
our work on pseudo-distributive laws and their liftings to Keisli bicategories.

3 The 2-category of pseudo-algebras

In this section, given a pseudo-monad on a 2-categoryC, we describe its
2-categoryP s-T-Alg of pseudo-algebras. It is straightforward to de ne the
notions of pseudod -algebra pseudo-mapf pseudoT -algebras, andalgebra2-
cell. But we shall need to consider delicate variants of the the detion as we
proceed through the paper, so we shall give the de nition ofgeudo-algebra
in detail. In the case of a 2-monad’, all the de nitions are given compactly,
in complete detail and in modern notation, but with one redudant axiom,
at the start of [18]. For a pseudo-monad’, the de nitions are almost given
in [L3[I4]: there is an indexed version in_[L4] and there is &rgion for 2-
functors in [I3]; but neither paper formally has the de nitbns in the setting
in which we use them here.

We mention, for cognoscenti, that if one adopts the spirit o]13[14], the
distinction between 2-functors and pseudo-functors is mersigni cant than
it may appear: in order to make the generalisation to pseudonctors, one
uses the fact that the Gray-category 2Cat, of small 2-categories, pseudo-
functors, pseudo-natural transformations, and modi catons has a particular
Gray-limit that might be called a relaxed three-dimensional lint, and such
existence requires proof as €4at, is not complete.

Recall that T has an underlying pseudo-functor that is not necessarily a
2-functor, so in the diagrams here, we are tacitly suppresgi the coherence
data.

De nition 3.1 A pseudoT -algebraconsists of
an objectA of C
anarrowa: TA! A
invertible 2-cells

Ta A
T2A - TA A— " - TA
@
A + a @@+ a
NG
) ? R P
TA A A
a
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subject to two coherence axioms:

T2a T2
T3A - T2A T3A - T2A
@ @ @
TA| % +T1 @ga TA = A| @ga
TA @ @ @
? &) ® ? ” ®
2 2 . _ 2 Ta
T2A + A T2A = TA = T2A TA + TA
@@ @@ @@
@ A + a @ + @a a
A @ A @ @
® b ? ® R b
TA - A TA - A
a a
1 Ta 1 Ta
T°A —— - T2A - TA T2A —— - T°A - TA
6 6
TA + A A+ a = TA +T . a
? ? a ?
TA TA A TA - TA - A
1 a 1

A second identity axiom, one for the composite of with TA follows from
these two axioms. Apseudo-mapof pseudoT -algebras from A;a; ; ) to
(B;b; ; ) consists of an arrowf : A'! B and an invertible 2-cell

TA L TB
a +f b
? ?
A B
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subject to two coherence axioms:

T2 T2f

T?A T°B T?A - T°B
@ @ @
Al % +1f GgTb A = B | @b
Ta @ @ @
? ® ® ?Tf ? ®
TA + TA T = TB = TA - TB + B
@@ @@ @@
@ a +f b @ +f °@ |b
a@ a@ @
B b ? ® B
A =~ B A =~ B
f f
A r. B A f B
@@ @@ @@
1 @ = @B 1 1 @B
A @ @ @
? ® ® ? f ? ®
A + TA T = TB = A B + B
@@ @@ @@
@ a +f b @ @1 b
Te Te @
R b ? ® B P
A B A B
f f
An algebra 2-cell from {; f) to (g;g) is a 2-cell :f ) g subject to one
coherence axiom:
TA TA
@@ Tf @@ Tf
a 1
“o +7 %
? ® ? ®
A +f TB = TA - TB
Tg
@
1 @@ b a +d b
t @
? ® p ? ?
A——— B A——— B
g g

Observe that, for any 2-categoryC and any pseudo-monad on C, there
are

a forgetful pseudo-functorU : Ps-T-Alg! C
9
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a canonical pseudo-natural transformationu : TU) U
canonical invertible modi cations

Tu U
T?U - TU Uu——-TU
@
U + u @@+ u
NG
n ) R b
TU — U U]

satisfying the axioms we demanded in the de nition of a psewdTr -algebra.

Proposition 3.2 The data (U;u; ; ) are universal, subject to the axioms,
among all pseudo-functors with codomai@, pseudo-natural transformations,
and invertible modi cations, subject to the above-mentia@d axioms.

A proof follows from routine checking. Its signi cance is that, combined
with [L3] and the main result of [T4], it will allow us to dedue an equivalence
between pseudo-distributive laws and liftings of one pseadnmonad to the 2-
category of algebras of the other. It also allows us to deduc¢her results
of [13], including those one would reasonably expect of suatconstruction:

Corollary 3.3 For any pseudo-monadl on any 2-categoryC

the 2-categoryP s-T -Alg yields a decomposition of into a pseudo-adjunction.

every pseudo-adjunction gives rise to a pseudo-monad andamparison
pseudo-functor into the induced®-category of pseudo-algebras.

Example 3.4 Let C = Cat. There are many examples of 2-monads @at of
interest in theoretical computer science. In all the leadmpexamples, including
all those mentioned below, the 2-categorly s-T-Alg is biequivalent to the full
sub-2-category determined by the stricT -algebras: se€é 18] for one of the two
main general results to that e ect. That full sub-2-categoy, often denoted
T-Alg, was the focus of study of(]2], which includes many speci c amples.
They include: the 2-categoryF Prod of small categories with nite products
and functors that preserve nite products; the 2-categorySymMon of small
symmetric monoidal categories and strong monoidal functgr for any small
class S of colimits, the 2-category of small categories witts-colimits and
functors that preserve S-colimits; the 2-category for which an object is a
small category together with a monad on it; among many others

Example 3.5 For a base 2-category other thar€Cat, let C be the 2-category
SymMon. It will follow from our analysis of pseudo-distributivity that the

2-monad onCat for small categories with nite products lifts to SymMon and

that an object of the 2-category of algebras of the lifting atsists of a small
symmetric monoidal category with nite products, for whichthe symmetric
monoidal structure distributes over the nite product structure.
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Example 3.6 Let C = FCoprod the 2-category of small categories with -
nite coproducts. Put TA = FProd(A°;Set). For size reasons,T A is not
a monad onFCoprod but except for that caveat, Ps-T-Alg would be the
2-category of categories with all small colimits. One can nddy the descrip-
tion of TA in order to make a precise true statement here by making a size
restriction along the lines we have explained above (seer fostance, [3,12]).

Example 3.7 Let C = FProd. It will follow from our analysis of pseudo-
distributivity that, except for our usual size problem, TA = [ A°?; Sef] would
form a pseudo-monad o P rod with pseudo-algebras given by categories with
all small colimits and nite products, and with pseudo-mapsgiven by functors
that preserve such structure.

4 The Kleisli bicategory

In this section, we develop the notion of the Kleisli bicategyy of a pseudo-
monad. Except for a size issue addressed In [BJrof should be the Kleisli
bicategory for a pseudo-monad o€ at given by TA = [ A°; Set]. An analysis
of Prof is fundamental to the study of bisimulation using open map<L].
Winskel also needs a variety of Kleisli bicategory in ordeotanalyse a variety
of exponentials[16,24]. So we are keen to de ne the notionKikisli bicategory
in a way that includes such variants.

However, it seems to be impossible to de ne the Kleisli bicagory of a
pseudo-monad in a way that satis es a result dual to Proposin [3:3, thus al-
lowing us to adopt the theory of [1B], while giving a construmn that includes
such leading examples and is easy to handle in practice. Ircfait is unclear
whether a dual, in the sense required in_[13], exists at all. ven if it does,
it seems likely that it would be awkward to describe and it denitely would
not have the same simple relationship with the usual Kleisktonstruction for
ordinary categories as that we develop here: our construati is inherently
bicategorical, while the general setting of [13,114] is infently 2-categorical.

Nevertheless, with care, one can generalise the idea [inl [1Bjthout be-
coming bogged down in the full generality of three-dimensial colimits in
tricategories, to provide a construction that: agrees witlthe leading exam-
ples; is remarkably easy to describe; yet provides a dual up biequivalence,
which is su cient for the main abstract proof of [13], albeit not the theorem
as stated therein, to work. Indeed, the de nition looks likean obvious idea for
generalising the Kleisli construction: the hard part is todentify its universal
property. The reason it is a bicategory rather than a 2-categy is because
the lifting requires the greater generality of the notion obicategory in order
to de ne the composition. The construction is surprisinglysimple.

De nition 4.1  Given a pseudo-monadT; ; ; ;; ) on a 2-categoryC,
the Kleisli bicategoryof T, denotedKI (T), is de ned by putting OQ(KI (T)) =
ObCandKI (T)(A;B) = C(A; TB), with composition given by the composite:
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C(B;TD) C(A;TB)—= C(TB;T?D) C(A;TB) = C(A;T?D) — C(A;TD)

where the arrows in the composite are labelled usiAg composition inC and
D respectively, with identities given by:

AAl TA

and with the coherence isomorphisms for the bicategoricatscture of KI (T)
given by , and

We should like to dualise Propositiorf=3]2 and use it both to dkice the
results one would expect of a Kleisli construction and to gévan equivalence
between pseudo-distributive laws and liftings to Kleisli lzategories: but that
duality does not hold of this construction. We can, howevenectify the sit-
uation with a little care for coherence. Mimicking the situgéion for algebras,
observe that there are

a canonical pseudo-functot : C ! KI(T)
a canonical pseudo-natural transformatiom : IT ) |
canonical invertible modi cations

satisfying axioms corresponding to those we demanded in d&ysng Ps-T-Alg.

When T is a 2-monad, observe thaKl (T) is a 2-category. ButKI (T)
is only a bicategory in general, hence the impossibility ofuglising Proposi-
tion B2 directly.

De nition 4.2  For any pseudo-monad on a 2-categoryC and for any bicat-
egoryB, de ne the bicategory Cocond(C; T); B) such that an object consists
of

a pseudo-functorH :C! B
a pseudo-natural transformationn : HT ! H
12
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invertible modi cations

HT? = HT H = HT
%@
H + h @ h
l'e
? ? B p
HT —— H H

satisfying axioms as above.
An arrow in Cocong(C;T);B) from (H;h; ; ) to (H%h% & 9 consists

of a pseudo-natural transformation :H ! H%together with an invertible
modi cation
T
HT — HOT
h + ho
? ?
H HO

subject to two axioms corresponding to the two axioms in the alnition of

a pseudo-map of algebras. A 2-cell from;( 9 to (; 9 is given by a mod-
ication : ) 9subject to one coherence axiom, corresponding to that
in the de nition of an algebra 2-cell. The composition and idntities for the
bicategorical structure ofCocond(C; T);B) are induced by those oB. The
axioms required to prove thatCocond(C; T); B) is indeed a bicategory follow
routinely from the bicategorical axioms ofB.

Theorem 4.3 For any bicategory B, composition with (I;i; ; ) induces a
biequivalence of bicategories betwe€mwcond(C; T); B) and P seuddKI (T); B),
the bicategory of pseudo-functors fror| (T) to B.

A proof follows from routine but lengthy checking. The restlprovides a
universal property for the Kleisli bicategory, allowing usto adopt the spirit
of the development of [[13], albeit with somewhat more subtlde nitions or
statements. For instance, adopting a natural tricategor@l understanding of
the notions of decomposition and comparison pseudo-functeve may deduce
the following results:

Corollary 4.4 For any pseudo-monadl on any 2-categoryC

the bicategoryKl (T) yields a decomposition of into a pseudo-adjunction.

every pseudo-adjunction gives rise to a pseudo-monad andaamparison
pseudo-functor from the induced Kleisli bicategory.
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Example 4.5 Let S be a small class of colimits. Then the pseudo-monad
on Cat for small categories withS-colimits is given by sending a small cate-
gory A to the free cocompletion ofA in [A°P; Sef], with inclusion the Yoneda
embeddingA !  [A%; Sef], under S-colimits. Consequently, the Kleisli bi-
category has objects being small categories and an arrowrfré\ to B given
by a functor from A to the closure ofB in [B°P; Set] under S-colimits. This
fact is exploited in [3].

5 Pseudo-distributive laws

The central result about distributive laws for ordinary catgories and ordinary
monads is as followd[1]:

Theorem 5.1 Given monadsS and T on a categoryC, the following are
equivalent:

a distributive law :ST! TSof SoverT
a lifting of T to S-Alg
a lifting of S to KI(T)
It also follows from the de nition of a distributive law of S over T that
T S acquires a canonical monad structure, its category of algas agrees with
that for the lifting of T, and dually for the Kleisli construction.
As we have mentioned earlier, distributive laws rarely exisor 2-monads,

even less for pseudo-monads. So one seeks an appropriatekeveag of the
notion, and Marmolejo's de nition is de nitive, given as fdlows:

De nition 5.2 A pseudo-distributive lavof a pseudo-monad over a pseudo-
monad T consists of

a pseudo-natural transformation :ST! TS
invertible modi cations

S S T T
ST - STS - TS? ST? = TST = T?S
sT + T s St + ¢ )
? ? ? ?
ST = TS ST = TS
T S
@@ @@
oT o S S ; @S
+ s @ +
3 ® ? ®
ST TS ST TS

14
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subject to nine coherence axioms: they are not complicateddithey are spelt
out clearly in [I4], but we do not have space here to list them.

We have described examples, with forward references, thgiuthe course
of the paper, so we do not give them in detail here. Leading ahare generated
by the 2-monads onCat for small categories with nite products and for small
symmetric monoidal categories over the 2-monad for the freecompletion of
a small category under a small class of colimits. A non-examepis given by
replacing nite products by nite coproducts here, as the Ymeda embedding
does not preserve nite coproducts. Another leading clas$ examples is given
as follows:

Proposition 5.3 Every pseudo-commutative monad on Cat gives rise to
a pseudo-distributive law ofS, the 2-monad for small symmetric monoidal
categories, overT.

A proof follows from one of the main results from each dfl[6,3hd [11].
The main theorem about pseudo-monads mimics that for ordimamonads. To
understand this result, one must adopt the bicategorical sse of equivalence
as explained in the previous section.

Theorem 5.4 Given pseudo-monad3 and S on a 2-categoryC, the follow-
ing are equivalent:

a pseudo-distributive law oS over T

a lifting T°of T to Ps-S-Alg

a lifting S°of S to KI(T)
Proof. The equivalence of the rst two items here can be deduced by roe
bining [14] with [I3] and PropositioZ3.P. The equivalence the rst and last
items follows from Theoreni 413 together with a dual of the puf for algebras

but with more delicacy systematically taken to account for he weaker notion
of equivalence of Theoreri 4.3. 2

It is also shown in [14] thatT S acquires the structure of a pseudo-monad.

Corollary 5.5 For a pseudo-distributive law ofs over T:
Ps-T2Alg is biequivalent toPs-T S-Alg
KI(S9Y is biequivalent toKI (T S)
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A Pseudo-functors, pseudo-natural transformations, and
modi cations

De nition A.1  Given bicategoriesC and D, a pseudo-functorfrom C to D
consists of

a functionH : ObC! ObD
for each pair of objects A;B) of C, afunctorH : C(A;B) ! D(HA;HB)
for each triple (A; B; E ), an invertible natural transformation

C(B;E) C(A;B)H HD(HB;HE) D(HA;HB )

+h

? ?

C(AE) . - D(HAHE)

for each objectA, an invertible 2-cellh, : 1440 ) H(1a), equivalently an
invertible natural transformation

1

@

@ HA

+h @
®

1a

?

C(A:A) — D(HAHA)
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subject to the coherence of three diagrams, in which we sugs the coherence
data for the two bicategories:

CE:iF) c@E) c(AaB) " % bHEHF) D(HBHE) D(HAHB)

1 +H h 1
? ?
C(E;F) C(AE) T - D(HE;HF ) D(HA;HE)
+h
? ?
C(AF) m — D(HAJHF )
must equal

C(E;F) C(B;E) C(A;B)w D(HE;HF ) D(HB;HE) D(HA;HB)

1 +h H 1
? ?
C(B;F) C(A;B) 0 H -~ D(HB;HF ) D(HA;HB)
+ h
? ?
C(AF) m = D(HA;HF )
and both
C(A;B)
@
1. 1 @ 15 H
+h T @

C(B;B) 'C(A;B)H l'_@D(HB;HB) D(HA;HB )

+h

? ?

C(A:B) . - D(HAHB)

18
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and
C(A;B)
@
1 14 @ Lia
+1 h @
? H
C(A;B) C(A;A) = D(HA;HB) D(HA;HA)
+h
? ?
C(A;B) v - D(HA;HB)

must be identities.

De nition A.2
consists of

for each objectA, an arrow A : HA !

for each pair A; B) a natural

A pseudo-natural transformationfrom (H; h; h) to (K;k; k)

KA
transformation

C(A;B) - D(KA;KB )
H + D( A;KB)
? ?
D(HA;HB) —— D(HA;HB
(HAHE) S o) DATE)
such that for every pair of composable arrows (: A! B;g:B ! E),
suppressing the coherence data in the de nition of bicatego
HA —2- KA HA A- KA
@@ @@ @
Heh| Je + 1 “d¢ Hh)| + o K@
Hf "@ @ @
? ® ? ? ®
HE +hgs HB - KB = HE —F= KE +kg KB
@@ B @@ @@
@ |Ho+ ¢ |Kg @ @  |Kg
1@ 1@ @
® b ? ® ® b
HE - KE HE - KE
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and
HA — 2 - KA
1 + 3 1
? ?
HA - KA
A
is the identity.
De nition A.3 A modi cation from (; ) to (; ) consists of, for every
object A, a 2-cell o : A ) a such that for every arrowf : A ! B,
suppressing the bicategorical coherence data, we have:
HA HA
@@ @@
Hf @” 1 @A?
@ T A @
? ® ? ®
HB + ; KA = HA -~ KA
A
@
1 ©@gs  |kf HE |+ ¢ |Kf
t B @
? ® b ? ?
HB - KB HB - KB
B B
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